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Abstract :As we enter the twenty-first century, creative solutions to a variety of unforeseen problems that are posed after an innovative analysis of ever-changing situations are more important than ever before in history. When U. S. students (and often their teachers) think about creativity, mathematics is not often the first subject that comes to mind, however. Becoming a creative mathematician may require years of mathematical study, but even young children can apply creativity techniques to mathematical problems in ways that can help them become powerful, productive, and passionate mathematicians. Creativity techniques often used in other fields including those of Appreciation, Animation, Association, Alteration, and Abdication can be used to add depth and complexity to the mathematics curriculum for students of all ages so they might create mathematical insights, rules, principles, generalizations, algorithms, questions, problems, and models. The importance of mathematical creativity and the use of some of these techniques and their applications to mathematical content are explored in this paper.
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Overview

In our increasingly technological world, it is more and more important to encourage students to develop their abilities to reason and think creatively, especially in mathematics. Twenty-five years ago, in 1980, the first recommendation from the National Council of Teachers of Mathematics (NCTM) in An Agenda for Action was that “Problem solving must be the focus of school mathematics” (p. 2). This was reinforced in the 1989 NCTM Curriculum and Evaluation Standards for School Mathematics where problem solving was the first standard for each of the grade bands, and teachers were encouraged to include “open-ended (problems) with no right answer” (p. 6). In the 2000 NCTM Principles and Standards for School Mathematics, the process standards of Problem Solving, Reasoning and Proof, Communication, Connections, and Representation, further developed the importance of creative problem solving with standards stating that all students should “build new mathematical knowledge through problem solving”, “make and investigate mathematical conjectures”, “understand how mathematical ideas interconnect and build on one another to produce a coherent whole”, and “create and use representations to organize, record and communicate mathematical ideas” (p. 402). The Learning Principle in this document emphasizes the need to go beyond rote memorization saying, “Students must learn mathematics with understanding, actively building new knowledge from experience and prior knowledge” (NCTM, 2000, p. 20). The application of research on this creation of new knowledge, new ideas, and new ways of thinking to the creative teaching and learning of mathematics is supported by research on learning theory, brain functioning, and the skills needed by a society in the twenty-first century. International studies, including Trends in International Mathematics and Science (TIMSS) and the Program in International Student Assessment (PISA) also emphasize creative problem solving. In developing mathematics and science assessment items for TIMSS 2003, a special effort was made to include tasks that “provide opportunities for creative problem solving strategies” (IEA, 2005). 

The United States has been slow to realize that our position as a leading, creative force in the world is slipping away. Shirley Ann Jackson, the 2004 president of the American Association for the Advancement of Science and president of the Rensselaer Polytechnic Institute (America’s oldest technological college, founded in 1824) points to a quiet crisis in the United States involving the steady erosion of America’s scientific and engineering base. “The U. S. is still the leading engine for innovation in the world. It has the best graduate programs, the best scientific infrastructure, and the capital markets to exploit it. But there is a quiet crisis in the U. S. science and technology that we have to wake up to. The U. S. today is in a truly global environment, and those competitor countries are not only wide awake, they are running a marathon while we are running sprints. If left unchecked, this could challenge our preeminence and capacity to innovate.” (Friedman, 2005, p. 253)  Richard Florida (2005) echoes these sentiments about the looming creativity crisis that is causing the decline of American economic might in his book, The Flight of the Creative Class: The New Global Competition for Talent. 

All this points to the need for students and teachers to view mathematics as a venue for their creativity. Mathematics can be a perfect subject for the development of students’ potential as promising and powerful creative thinkers. School is a mind-altering device, and traditional methods of teaching mathematics in the United States may result in students who avoid mathematical challenges and who may believe that they are not capable of in-depth mathematical investigations. On the other hand, the use of creativity techniques can be a very effective way for students to develop a passion for learning, even for learning mathematics.  
Through using these techniques, students of all ages can create mathematics that is new to them, although it may be many years before they can create mathematics that is new to the world. Even if students never become career mathematicians, the habits of mind such as perseverance and flexibility learned through applying creativity techniques to probe mathematical problems can give students the edge in whatever career path they choose. 

A Heuristic for Developing Mathematical Creativity

· The following is a model of a heuristic that can be used to encourage students to pose and solve problems creatively. Using this, students might create:
· Original solutions or insights

· Rules, principles, and generalizations

· New algorithms

· New questions and problems

· New mathematical models
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Students might start anywhere on this model and proceed in a non-linear fashion to creatively investigate mathematical problems.  For example, a student might relate ideas about solving this problem to previous problems that have been solved, investigate those ideas, create new problems to work on, evaluate solutions, and communicate the results.

Strategies for Enhancing Creativity

As students investigate problems, there are several strategies that they might use to enhance their creativity and deepen their understanding of mathematical concepts. Many of these strategies are used commonly in other areas, but are not commonly applied to mathematics. These strategies might be classified into the following overlapping categories.



          Appreciation   Animation     Association   




Alteration

Abdication 
Appreciation

"If at first, the idea is not absurd, there is no hope for it."

· Albert Einstein

Techniques in this category are designed to make one more aware of the features and attributes of the situation, product, or problem under consideration. Some of these include:

· Brainstorming

· Sensory Awareness

· Attribute Listing

· Checklisting

· Enhanced Attention

In mathematics, these techniques can be used to help students focus on important characteristics of a problem, look for patterns, and concoct a variety of possible solutions. 

Animation

  We have to understand that the world can only be grasped by action, not by contemplation. The hand is more important than

 the eye... 

The hand is the cutting edge of the mind

· Jacob Bronowski

· Animation techniques can be used to actively involve students in interacting with a problem, situation or product. Some of these are:
· Modeling

· Role playing, Rolestorming

· Acting it out

In mathematics, these techniques can be used to create visual and physical models of mathematical concepts and to actively explore solutions using a variety of hands-on materials and manipulations.

Association
"Creativity is the ability to see relationships where none exist."

-- Thomas Disch
Using these techniques, students compare and make connections between a given situation, product, or problem and another, possibly unrelated, one. Some of these strategies are:

· Force Fit

· Morphological Analysis

· Synectics

Much of mathematical problem solving involves making connections between a problem that has no immediate known method of solution to known concepts, algorithms and strategies. These creativity techniques can help focus attention on making these connections.

Alteration

"Backwards understood be only can but, forwards lived be must life."

-- Kierkegaard Soren

With alteration techniques, students systematically change parts of a product, situation or problem. These techniques include:
· Part Changing

· SCAMPER (Substitute, Combine, Adapt, Modify, Minify, Magnify, Put to other uses, Reverse or Rearrange)

· Doing and undoing (working backwards)

“What if …” questions lead to some of the most interesting mathematical investigations and insights. These strategies add depth to mathematical concepts by systematically changing parts of the problem or solutions and lead to new interesting questions and problems to explore.

Abdication

"All great discoveries are made by people whose feelings run ahead of their thinking."

-- C H Oakhurst
Using these techniques, you give up actively working on a problem to allow your subconscious mind to reflect on the problem. Meissner discusses this in his paper for this symposium when he discusses “spontaneous Vorstellungen”.  Strategies for developing this might include:

· Visualization

· Relaxation

· Incubation

· Sleeping on it (Dreaming and Daydreaming)

Autobiographies of creative mathematicians and scientists are full of stories about problems that they solved while dozing off or were involved in activities completely unrelated to the problem they were solving. Many researchers talk about the importance of an incubation period following a period of intense work on a problem. 
Sample Problem

To see how these strategies might be applied to developing mathematical creativity, consider the common exercise:


23

        +  57

Appreciation

Ask students to list categories and characteristics of the exercise. A list might include the following:

· Numbers – whole numbers, two-digit 

· Operation – addition, requires regrouping 

· Solution – fixed, one right answer

· Format – vertical

Animation

Students might model this with base ten blocks, dimes and pennies, tallies, or other concrete materials. Using these models, they might create a variety of algorithms or other methods of finding the solution.

Association

Using the categories and characteristics that the students have brainstormed for the original exercise, ask students to list new characteristics in each category.  Morphological analysis might then be used to alter the original problem to gain new insights and pose new problems to solve. Ask students to list new attributes in each category that was brainstormed for the original exercise. This might look something like the following:
Numbers
Operation
Solution
Format

Whole numbers
Addition
Fixed
Vertical

Two-digit
Requires regrouping
One right answer
Horizontal

Fractions
Subtraction
Greatest


Decimals
Multiplication
Least


Words
Division
How many ways?


Alteration

By using the chart, students might ask some of the following questions that lead them to investigate operations on a much deeper level than the original question:

What if you use the digits 2, 3, 5, and 7 each once …

And add two two-digit numbers:

· How many different ways can you get the largest sum?

· What is the smallest sum you can get?

· How many different sums can you get?

What if the numbers do not have to be two digits each?

· What is the largest sum you can get?

· What is the smallest sum you can get?

· How many different sums can you get?

What if you use the digits 2, 3, 5, and 7 each once …
And subtract a two-digit number from another two-digit number:

· What is the largest difference you can get?

· What is the smallest difference you can get?

· How many different differences can you get?

What if the numbers do not have to be two digits each?

· What is the largest difference you can get?

· What is the smallest difference you can get?

· How many different differences can you get?
· Can you propose a general rule for finding the smallest possible positive difference between two two-digit numbers when you are given any four digits?

This is just the beginning of the questions that students might investigate as they learn to apply creativity techniques to deepen their mathematical understanding.

Abdication

Encourage each student to keep a Mathematician’s Journal where they record their musings about mathematics and any problems on which they might be working. This should be something that they can add to as ideas come to them, whether these ideas are added the next day, the next week, or the next month. Some mathematicians work on problems their whole careers without finding a solution and students should be encouraged to persevere and enjoy the search.

Assessment

If you wish students to develop deeper understanding of mathematical concepts, you should use criteria for assessment that encourage complexity and creativity such as:

· Depth of understanding  - the extent to which core concepts are explored and developed

· Fluency  - the number of different correct answers, methods of solution, or new questions formulated

· Flexibility - the number of different categories of answers, methods, or questions.

· Originality - solutions, methods or questions that are unique and show insight

· Elaboration or elegance - quality of expression of thinking, including charts, graphs, drawings, models, and words

· Generalizations - patterns that are noted, hypothesized, and verified for larger categories

· Extensions - related questions that are asked and explored, especially those involving why and what if
Some or all of these criteria might be chosen to assess students’ work on problems and investigations. These might be used in a rubric that teachers and students themselves can use to evaluate their work.

Conclusion

The principal activities of brains are making changes in themselves.

Marvin L. Minsky

Students today were born into a world that is very different from the one that we knew in the twentieth century. Schools no longer can be satisfied with teaching skills and algorithms for a world that no longer exists. We as teachers have the power to impact the creation of new minds. We must all work together in our ever-shrinking world to learn to use that power wisely.
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