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Abstract :Recently, mathematics educators are getting more and more aware of the importance of promoting creative thinking and developing problem solving skills in the teaching and learning of mathematics. Case studies and student projects are effective means for helping students to enhance creative thinking and problem solving skills. Since students tend to enjoy problems related to games, puzzles, or sports, studies and projects based on such problems may in general promote students’ interests. This strategy is not only helpful to academically strong students, but also very beneficial to those students who don’t do as well academically. This paper uses two examples to illustrate the use of case studies and student projects in mathematics education. When appropriately tailored, these examples can be used in teaching mathematics at various levels. Through these case studies and related student projects, students will experience various strategies for solving problems and explore the connections between different mathematical procedures. Thus they may help students gain a deeper insight of mathematical patterns, and enhance their problem solving skills. Use of computer technology is also involved in these examples
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1. Introduction

In recent years, mathematics educators are getting more and more aware of the importance of promoting creative thinking and developing problem solving skills in the teaching and learning of mathematics. Case studies and student projects are effective means for helping students to enhance creative thinking and problem solving skills. Such studies and projects not only enhance students’ problem solving skills, but also involve active instructor-student interactions, team work and discussions, use of computer technology, combination of various mathematics concepts and methods, report writing and project presentation. They certainly help to create a positive and enjoyable environment for teaching and learning of mathematics.
Since students tend to enjoy problems related to games, puzzles, or sports, studies and projects based on such problems may in general promote students’ interests. This strategy is not only helpful to academically strong students, but also very beneficial to those students who don’t do as well academically. This paper uses two examples to illustrate the use of such case studies and student projects in mathematics education. When appropriately tailored, these examples can be used in teaching mathematics at various levels, from primary school grades to college undergraduate courses. Through these case studies and related student projects, students will experience various strategies for solving problems and explore the connections between different mathematical procedures. Thus they may help students gain a deeper insight of mathematical patterns, and enhance their problem solving skills. Use of computer technology is also involved in these examples. Suggestions on teaching strategies and student activities are also included.
In next section, an example based on the game “24 points” is illustrated. In section 3, an example based on the “Container” problem is presented. Both problems originate from classical children games, but are developed into interesting examples for case studies and student projects to be used at various school levels. For more detailed discussions on these two problems, we refer to Shi (1999), Mauch and Shi (2003), and Mauch and Shi (2004). Some further discussions are included in the last section of the paper.
2. Case study and student projects based on the game “24 points”

The game “24-points” is a children’s number game. Based on this game, interesting case study and student projects can be formed for senior high school or college mathematics classes. Computation of combinations and use of computer are involved in this study.

There exist a variety of different ways to play the game, but essentially they follow these five rules:

1) Four numbers are randomly chosen from the set {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} with replacement;

2) Only the operations  
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 may be used on the four numbers and their results;

3) All results must be non-negative integers;

4) Each of the four chosen numbers must be used once and only once;

5) The goal is to get exactly 24.

There are various ways for generating four random numbers in rule 1). Ask students to create a few different methods to generate those numbers. They can indeed think of ways that are quite surprising. One suggestion from students was that they each wrote a number on a piece of paper and then put the four numbers together. With this method, each number was not really “randomly chosen”, yet the four numbers together could be seen as a random group. It is this kind of actions of creativity that would promote students’ interests, and later on would further lead them to investigate the different probability results from different methods.
We suggest that the instructor then lead students to start the case study by using the easiest way that children usually use, that is, to randomly pick four cards from a deck of 40 cards (the face-cards and the two jokers are put aside from a regular deck. Only number-cards with Ace counted as 1 are used.) As an example, suppose the cards picked yield 2, 2, 5, 7, then one solution is:  (2)(5) = 10, (2)(7) = 14, and then 10 + 14 = 24.

What is important here is that some times it is not possible to get 24 from a set of four numbers.  For example, if the four selected cards yield 2, 2, 2 and 2, then the target number 24 can not be reached. Again, here is a good time to ask students use creative thinking to find a few sets of four numbers that would not produce the target number 24. The importance of this creativity activity is to lead students to understand why mathematics involves so many “definitions”. People make definitions when they need to name something. Now that the students have seen two kinds of sets: one produces 24 and the other does not, the instructor may ask them to make a definition here: When it is possible to get 24 from a set of four numbers, this set is a doable set. Otherwise this set is not doable.
· Ask students to create a few questions regarding the doable set as well as this game in general. Results of this action of creativity can be very interesting, and questions from students themselves may make them highly motivated into the investigation. Some of these questions can be used for investigation in this case study:
· Given 4 numbers, how many different procedures are there to perform arithmetic operations on them, regardless of the final result?

· Randomly picking 4 cards, what is the chance, or probability, of getting a doable set? 

· Why is 24 chosen as the target number in this game? Why not 23 or 25? Are there better choices? And what is meant by “better”?

The instructor may carefully guide student go through a sequence of analysis to reach the following answers. For more detailed discussions, see Shi (1999).
1) Answer to question 1:

2) If the four numbers given by the four selected cards are all distinct, then there are at most 960 different possible procedures;

3) If the four numbers are of the form {a, b, c, c}, then there are at most 576 different possible procedures;

4) If the four numbers are of the form {a, a, b, b}, then there are at most 360 different possible procedures;

5) If the four numbers are of the form {a, b, b, b}, then there are at most 240 different possible procedures;

6) If the four numbers are all the same, then there are at most 104 different possible procedures.
In order to answer the second question, the instructor needs to help students to use a computer. It will be ideal to write a program with a programming language, but a graphing calculator or computer software such MS EXCEL can also be used for the problem. 

Answer to question 2:  Randomly pick 4 cards from a deck of 40 cards, there are 40C4 = 91390 possible selections. Among those, 78916 are doable sets. Therefore, the probability of getting a doable set is 78916/91390 = 86.35%.
Let us recall that the third question is: why is 24 chosen as the target number in this game? Why not 23 or 25? Are there better choices? And what is meant by “better”?
Students can create many different ways to mean “better”, and there may very well be a good discussion among students on this. One of the choices is that by “better”, we mean that the probability of getting a doable set is larger. 

With this choice of definition of “better”, the instructor may ask students to repeat the above computation using 22, 23, 25, 26 as the target number, and compare them with 24. The results will look as listed in Table 2.1. From the table, we see that the number 24 has the largest probability of getting a doable set among these five numbers. But then are there any better choices? That is, are there any other possible target numbers that have even larger such probability than the number 24? We suggest that the instructor leave this as a student project, and let students find it out. 
Table 2.1

Target number
probability of getting a doable set

22
75.92%

23
69.91%

24
86.35%

25
68.81%

26
73.05%

Many student projects can be generated from this study. Here are a few examples:

1) All integers from 0 to 10000 are possible target numbers. As we suggested above, we may let students find out which of those numbers has the highest probability of getting a doable set? (Answer: 2, 99.27%) 

2) If the four random numbers are generated by a different means, such as through a computer random number generating program, then the numeric results will be different. It will be an excellent project for students to repeat the study based on a different way of generating four random numbers. 

3) Similar games can be played with 5 random numbers, 6 random numbers, etc. It can be another good project for students to conduct a similar study for those situations.

3. Case study and student projects based on the “Container” problem

The “Container” problem is a children number puzzle which typically can be expresses as this: Suppose you have an unlimited amount of water in a large tank. You want to measure 2 gallons of water. You only have a 4-gallon and 5-gallon measuring device. How could you measure 2 gallons?

A range of appropriate problem solving strategies, from the basic trial and error or “guess” method to the more systematic algorithmic approach can be developed from this problem. Case studies and student projects can be generated and offered to students at the junior high school or upper grades of primary school levels to enhance both logical thinking and arithmetic operation skills. Use of computers may also be involved. 

For students in those grades, a trivial approach in solving this problem might be to construct a simple table and begin a trial and error approach. Make sure to let students create their own ways of reaching the solution. I once observed one class of students working on this problem, and they created a good number of different ways. One of them is described in Table 3.1. Note that this table demonstrates only one possible solution. A closer look at this problem reveals that there are only 3 different actions involved in this procedure: (1) filling a container; (2) transferring from one container to another; and (3) emptying a container. Moreover, suppose we use Q to denote the total quantity of cider we have in the containers, then before any action is taken the value of Q equals zero. During the procedure, each action (1) adds 4 or 5 to Q, each action (3) subtracts 4 or 5 from Q, and action (2) does not change the value of Q. Our goal in this procedure is to make Q = 2 through a sequence of actions. Also note that at any time during this procedure the value of Q can never go beyond 9, the sum of 4 and 5. 
Table 3.1

Action
Amount in the 4 gallon container (A)
Amount in the 5 gallon container (B)

Fill the container (B)
0
5

Pour the cider from (B) to (A) until (A) is full
4
1

Empty the container (A)
0
1

Pour the cider remaining in (B) to (A)
1
0

Fill the container (B)
1
5

Pour the cider from (B) to (A) until (A) is full
4
2

Empty the container (A)
0
2

After students have made the above observation, it will be a good action of creativity for students to create some mathematical notation to illustrate the procedure given in Table 3.1. Ask students to compare the various notations they have created and select the best one to use. This activity will help students gain a deeper understanding on why and how people create and use mathematical notations. An effective notation here could be a string of “+” and “–”: + 5 – 4 + 5 – 4 = 2. This string, of course, comes with the restriction that we can never have more than 9 gallons (4 gallon + 5 gallon) in total at any given time, or else both containers would be over-full and thus not able to be measured. Therefore, the string + 5 + 5 – 4 – 4 cannot be used in this case.
· Students will be excited to see that with the mathematical notations they have created, this problem now can be solved algebraically. In order to find out an appropriate string of operations, we only need to find two integer numbers, say a and b, such that 2 = 4a + 5b. This may be equivalently expressed as to find two positive integers n and m such that either 2 = 4n – 5m or 2 = 5m – 4n. Once such a combination is found, a string of arithmetic operations can be set up correspondingly. For example, the string + 5 –4 + 5 – 4 = 2 is based on the combination 2 = 5(2) – 4(2). In this case, the combination is of the form 2 = 5m – 4n, m=n=2. Here come a few questions for students’ investigation:

· Can we measure 3 gallons using a 4-gallon container and a 6-gallon container? (Answer: No. Since for any integers a and b, 4a + 6b is always an even number.)

· If the answer to that question is “No”, then what requirements need to be placed on the containers in order for the problem to have a solution? (Answer:  As a well known result, if two integers x and y are relatively prime (that is, the largest common factor of x and y is 1), then there exist two integers a and b such that       1 = ax + by. Therefore, given an x-gallon container and a y-gallon container with x and y being relatively prime, for any positive integer S less than or equal to x + y, we can always use these two containers to measure S gallons. This is simply because S = (aS)x + (bS)y).

As a student project, the instructor may now ask them to generate more “Container” problems, with various container capacities and measurements. The instructor may ask students to develop and follow a systematic procedure for solving these problems:

Step 1: Find a combination of x and y that yields S, that is, to find two positive integers n and m such that either S = nx – my or S = my – nx. 

Step 2: Set up a string of arithmetic operations according to the found combination. Make sure that we never have more than x + y gallons in total after any given operation in the string.

Step 3: Establish an action table correspondingly to demonstrate the solution to the problem. The action “transferring from one container to the other” should be inserted appropriately to ensure that at any given time there is no more than x or y gallons in the corresponding container. 

To walk further into this study, students should be advised that the solution to the problem is not unique. For example, suppose we want to use a 4-gallon container and a 5-gallon container to measure 3 gallons. One way to do that is to use the combination 3 = (3)5 – (3)4, whose corresponding string of operations is + 5 – 4 + 5 – 4 + 5 – 4 = 3. However, we may also observe that 3 = (2)4 – (1)5 whose string of operations is + 4 + 4 – 5 = 3. Note that the first string contains six operations while the second string only contains three operations. 

This leads to two more interesting questions for students to think about:

· How can we systematically find integers m and n such that we can have either     S = nx – my or S = my – nx.


· How do we find integers m and n such that the corresponding combination will require the least amount of operations (in real life application this means the least amount of work)?

A detailed discussion addressing these questions is given in Mauch and Shi (2004). With appropriate guidance from the instructor, students will see that the following steps may be followed to obtain m and n that yield the least amount of operations.

For n = 1, 2, 3, ...

1) Calculate the values  S + nx  and  nx – S ( in case nx < S, skip the second value)

2) Do the divisions  (S + nx)/y  and  (nx – S)/y and watch the remainders. As soon as a zero remainder is observed, stop the procedure and a desired combination is obtained as follows:

a) if (S + nx)/y = m with m being a positive integer and remainder being 0, then the combination is S = my – nx;

b) if (nx – S)/y = m with m being a positive integer and remainder being 0, then the combination is S = nx – my.  

For those students who have had some computer experiences, it can be a good student project to use computer software such as MS EXCEL to implement these steps and then use them to solve problems. Furthermore, this example can be further developed for the use in teaching higher level mathematics courses such as number theory and college mathematical thinking, as discussed in Mauch and Shi (2003).

4. Conclusion
Two examples of case studies and student projects are illustrated in this paper. These case studies and student projects can be used in teaching and learning mathematics at various school levels. They can be used to effectively help students enhance creative thinking and develop problem solving skills. These examples show that students’ activities of creativity can very effectively help students to gain deeper insight of mathematical concepts, notations, and procedures. The activities of creativity also help them to establish links among mathematics, computer technology, and applications in the activities of their interests such as games, puzzles, or sports. For more works in this area, see Shi (2003), Calhoun, Noubary & Shi (2002), Shi (2001), and Shi (2000). Through these case studies and related student projects, students will use creative thinking when investigate various strategies for solving problems and explore the connections between different mathematical procedures. These activities will promote students’ interest in mathematics and keep them highly motivated for creativity. 
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