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ABSTRACT

In the paper, we construct bosonic negative-energy representations of the central extension
of the Lie algebra of differential operators on the circle, the Lie algebra Wi, as well as of
the Lie algebra Wi4oo(gln). In particular, when restricted to the Virasoro subalgebra of the
Lie algebra Wi 4, we obtain a bosonic realization of the Virasoro algebra with central charge

¢ = 2 and negative-energies, which is completely reducible.
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1. INTRODUCTION

Spinor representations for the affine Kac-Moody Lie algebras were first developed by Frenkel
[F] and Kac-Peterson [KP] independently. The idea is to use a Clifford algebra with infinitely many
generators to construct certain quadratic elements, which, together with the identity element, span
an orthogonal affine Kac-Moody Lie algebra. Thereafter, Feingold-Frenkel [FF] constructed the
so-called fermionic or bosonic representations for all classical affine Kac-Moody Lie algebras by
using Clifford or Weyl algebras with infinitely many generators. Recently, Gao [G2] constructed

fermionic and bosonic representations for the extended affine Lie algebra gl (C,).

As we know, the Lie algebra Z/)t, as the universal central extension of the Lie algebra of
differential operators on the circle (see [KP]), has appeared in various models of two-dimentional
quantum field theory and integrable systems (see the references in [FKRW], [KR]). A systematic
study of the quasifinite highest weight representation theory of the Lie algebra Z/)j, which is often
referred to as W« algebra by physicists, has been investigated by Kac et al (see [KR], [FKRW],
etc. ). Motivated by [G2], this paper is devoted to constructing bosonic representations of the Lie
algebra Wi, and of the Lie algebra Wi+ (gln). In particular, we obtain a bosonic realization
of the Virasoro algebra with central charge ¢ = 2 and negative-energies when restricted to the
Virasoro subalgebra of the Lie algebra Wi, which differs from the typical one given in the

literature (for instance, see [F2], or [KRa]).

Throughout this paper, Z, N and C denote the set of integers, non-negative integers and

complex numbers, respectively.
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Let C[t,t71] be the algebra of Laurent polynomials over C, and D = Diff C[¢,t7!] the
associative algebra of all differential operators over C[¢,¢t~1], whose basis over C is {#™D" | m €
Z, n € N} with multiplication:

b
b\ . .
tan A thd _ zta+CDb+d77,
@)@ =32 (7)e ,
where D = t0, 0 = d/dt.
Let D~ be the Lie algebra of D under Lie bracket given by

ni

n2
m n m n _ ni i pmi+m ni+no—i na J ami+m ni+ng—j
[t D™ M2 ) 2}_;(i>m2t 1 2 pnitnz ;% j mi t 1 2 pnitnz

for all mi, Mg € Z, ny, N2 € N.

Li [L] proved H?(D~,C) = 1 (also see [KP], [Kas], [KR] and [LW]). In this paper, we will
adopt a convenient form of a specific 2-cocycle on D, which is due to Kac and Radul (see
formula (1.5.5) in [KR]) up to a sign, more precisely, we take f(D) = D"2, g(D) = D™ and
G(t™r D™ g2 D"2) i= Lqp(tm2D"2 ¢™1 D™ in the notation of [KR]. So we have the following

Lemma 1.1 ([KR]). Any non-trivial 2-cocycle on D~ is equivalent to ¢:

0, if my =0,
(b(t"“ D , tngnz) — (_l)erl 5ml+m2,0 % Z;ill (ml _ i)nl ine, Zf my > 0,
(71)711 5m1+m2,0 % Z;zlml (ml - i)nl inZ& Zf my < 0.

Let Wi4oo denote the universal (one-dimensional) central extension D~ of the Lie algebra
D~ by the above 2-cocycle ¢. In particular, Vir = Spanc{ L,, = t™D,c | m € Z} is the

Virasoro subalgebra of Wi, where its Lie bracket is given as follows (since > ., (m — i)i =
&(m—1)m (m+1) for m > 0)

1
12
[¢, L] =0.

(L, L] = —m)Lyyn + —=(m—1)m(m+1)0pminoc,

2. BOSONIC REPRESENTATION OF W

Define S to be the unital associative algebra with infinitely many generators: a(n), a*(n) (n €

Z) with relations

{a(n)a*(m), n <m,
a*(m)a(n), n>m,

for n, m € Z. Set
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Then
a(n)a®(m) =: a(n)a*(m) : — 6ptm,00(n —m), (2.5)

and
[a(m)a™(n), a(p)] = Gnp.oa(m),
[a(m)a™(n),a"(p)] = —=0mipoa”(n), (2.6)
for m, n, p € Z.

Let ST be the subalgebra generated by a(n), a*(0), a*(m) for n, m > 0. Let S~ be the subal-
gebra generated by a(0), a(n), a*(m) for n, m < 0. Those generators in ST are called annihilation
operators while those in S~ are called creation operators. Let V be a simple S-module containing

an element vg, called a “vacuum vector”, and satisfying
Sty =0. (2.7)
So all annihilation operators kill vy and

\%4 :8_1}0. (28)

Now we may construct a class of bosons on V. For any m € Z, n € N, set
f(m,n) = Z(—z)" ca(m—i)a*(i) ;. (2.9)
i€Z
Although f(m,n) are infinite sums, they are well-defined as operators on V. Indeed, for any vector

v € V = 8 vy, only finitely many terms in (2.9) can make a non-zero contribution to f(m,n)v.

Lemma 2.1. For m, p,s€ Z,n € N,

[f(m,n),a(p)] = p"a(m + p), (2.10)
[f(m,n),a"(p)] = —(=m —p)"a”(m + p), (2.11)
[f(m,n),a(p)a”(s)] = p"a(m +p)a*(s) — (=m — s)"a(p)a”(m + s). (2.12)

Proof. Since
[f(m,n),a(p)] = Z(—i)"[=a(m—i)a*(i) a(p)]

= ) _(—i)"[a(m — i)a*(i),a(p) ]
i€Z
= p"a(m+p),

(2.10) is true. The proof of (2.11) is similar, and (2.12) follows from (2.10) and (2.11). |
Proposition 2.2. For my, mo € Z, ny, no € N, we have
ni n )
[f(m1,n1), f(ma,n2)] = Z ( Z-l) 5 f(m1 +ma, 1 +n2 — 1)
i=0

22 n 1 .
-> <j2> mi f(my +ma,n +nz — j)

7=0
+ @(f(mlvnl)’ f(mg,’flg)),



4 LIU AND HU

where @ is given by
O7 Zf my = O7
e(f(mi,m), f(ma,na)) = (1) 0my im0 Zi"ﬁ(ml —@)"™i",if my >0,
(=1)™ 0y 4m0,0 D i ml(ml —d)™Mi" if my <O0.

Proof. By Lemma 2.1, we have

[f(m1,n1), f(m2,n2)]
= [f(ml,nl),z:(—t)”2 sa(me—t)a*(t) :]

teZ
= [f(m1,n1), ) ()" a(ma—t)a"(1)]
teZ
= z:(—t)”2 (mo—t)" a(my+ma—t)a™(t) — Z(—ml—t)"l (—=t)"2a(me—t)a™ (m1+t)
teZ teZ
= Z(ft)”"’ (mo—1t)™ : a(mi+mo—t)a™(t) : — Z(fmlft)”l(ft)”"’ sa(ma—t)a* (my+t) :
teZ teZ
- 5m1+7n2,0 (Z(m2_t)nl(_t)n29(m1+m2—2t) — Z(—ml—t)nl (—t)"29(m2—m1—2t)>
teZ teZ

ni n2
— Z ( Z_1>ml2 f(mi+ma,n1+no—i) — Z <]2>mj1 f(mi+ma,ni+ng—j)

i=0 3=0

G tma0 <Z<mlt>nl<t>”zo<2t> - Z<m1t>m<t>n2e<2ml2t>>

teZ teZ
no n )
- Z ( )mzf my+ma, nng—i) — Y <]2>m1 f(mi+ma, ni+ns—j)
=0
+5m1+m2,02 —2t) + 0(—2my —2t)) (—my —t)™ (—t)"
teZ
ni
n i .
- Z ( ; ) my f(my+me, ni+ns—i)
i=0
no 7’),2 .
- Z < . > mi f(mi+ma, ni+ns—j)
0 ]
J
+ Sp(f(mh n1)7 f(m27 ’I’LQ))7
where the last equality is given by
07 mp = 07
D (=0(=2t) + 0(—2my — 2t)) (—=mq — )™ (—)"2 = — 21 (E = ma)™ME", my >0,
teZ Zt_:lml (t —mq)™t", my <O.
The proof is completed. 1
Let T'= f(0,0), then Lemma 2.1 gives
[T,a(n)] =a(n), [T,a*(n)]=—a"(n), (2.13)

for all n € Z. For any v = a(ny) - - - a(ns)a*(my) - - - a*(my)ve € V, noting that Tvy = 0, one has

Tv = (s —1)v. (2.14)
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According to Proposition 2.2 and Lemma 2.1, we obtain

Theorem 2.3. V is a module for the Lie algebra Wi 4o, with central charge ¢ = 2 under the action
given by
w(t"D") = f(m,n),

m(c) = 2id.

for all m € Z, n € N. Moreover,

V=V,

keZ
is completely reducible, where Vi is the eigenspace with eigenvalue k of the operator T, and each

component Vy, is irreducible as a Wi oo-module.

Proof. Notice that ¢(f(my,n1), f(ma,n2)) = 2¢(t™ D™ t"™2D"2). Therefore, Proposition 2.2
shows that V is a Wi -module with central charge ¢ = 2. On the other hand, Lemma 2.1
indicates that each eigenspace Vj of the operator T is Wi o-stable. In what follows, we shall

prove that Vj, is also irreducible under the actions of all f(m,n)’s.

To this end, we need introduce some notation. Fix a k € Z, for any s € N such that s+ %k > 0,

set v,(cs) = a(0)* a*(=1)***.vy and
Vk(s) := Spang{ a(ni)---a(ns)a™(m1) - - a* (msyr).vo | n; <0,m; <0},
It is clear that Vj, = @seN,s-s—kzO Vk(s). On the other hand, if we define the weight by
wt(t"D"™) = m,
which induces a principle Z-gradation of Wi 4 -

W1+oo = @ W1+oo(j);

j€Z
we then have a triangular decomposition of Wiy, as follows
- 0 +
Witeo = Wl(—i-)oo @ W1(+)oo @ W1(+<)>o )
where WL ={t"D" | m < 0,n € N}, W9 ={D" | n e N}, W) ={t"D" | m > 0,n € N}.

Lemma 2.1 shows that V} is a weight module with respect to the abelian subalgebra Wl((jr)oo.

Since N
n ; .
0 £m0) 1= 3 (7))
j=1
the actions of f(m,0), f(m,1),---, f(m,n — 1) on V can be expressed as some combinations of

F(k,m)s for k = 1,---,n, where F(k,m) := [ f(0,k), f(m,0)]. Therefore, it suffices to consider
the actions of f(m,0)’s in the analysis of irreducibility of V. By Lemma 2.1, it is easily seen
that Vk(s) is Wl(ilo-stable, and {v,(cs) | s € N,s+k >0} is the complete set of singular vectors of

Wi too-module Vi, (here v € V' is called singular if W&()XJU =0) (since v,(cs) is a unique (C-linear

)

independent) singular vector in Vk(s according to the acting rule of f(m,0) for m > 0).

Finally, noticing that f(—l,O)(vl(f)) = U,(:H) (mod Vk(s)), f(m,O)(Vk(S)) - Vk(s) + V,C(SH) for
m < 0, we see that V}, is irreducible owing to f(—m,0). f(m,O).v,gs) = [f(=m,0), f(m,0) ].v,(cs) =
mv,gs) # 0 (by Proposition 2.2). |
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Corollary 2.4. V = @, 4 Vi is a completely reducible module for the Virasoro algebra Vir with

central charge ¢ = 2 under the action given by
71—(Lm«) = f(m7 1)7
m(ec) = 2id.

for all m € Z. Each component Vi, is also irreducible for Vir.

Proof. Lemma 2.1 indicates Lo = f(0, 1) acts diagonalizably on the weight Wi 1 o-module V. The
proof of irreducibility of the weight Wi o-module Vj, (see the proof of Theorem 2.3 ) is reduced
to consider the actions of operators f(m,0)’s for m € Z. Now the same observation applies to the

proof of irreducibility of the weight Vir-module V} provided that we note the formula:

Fm1) = 5 [£(0,2), £(m,0)] = 5 f(m,0), for m#0

derived from Proposition 2.2. |

Remark. In the Virasoro algebra Vir, the operator Ly is usually called the energy operator by
physicists (see [KRa]). In [KRa], only positive-energy representations (that is, Lo is diagonal
and all its eigenvalues are nonnegative ) were discussed there and all irreducible positive-energy
representations are proven to be of the form V (e, h) with h > 0 (see Remark 3.5 in [KRa], here h
is the eigenvalue of Ly, the highest weight module V (¢, h) is the irreducible quotient of the Vema
Vir-module M (e, h)). The negative-energy representations of Vir, which are related to the Dirac
positron theory, was pointed out to be interesting but lack of investigation there (see Section 4.2

[KRa] ). In our case, Corollary 2.4 affords such negative-energy representations for Vir.

On the other hand, [KR] classified positive-energy representations with finite degeneracies of
the Lie algebra Wi o, while our bosonic construction in Theorem 2.3 then gives some negative-

energy representations for Wy .

3. BOSONIC REPRESENTATION OF Wy (gln)

Let My (C) be the N x N matrix algebra, gl (C) = My(C)~ the general linear Lie algebra
over C, then gly (D) := gly(C) ®c D is the general linear Lie algebra with coefficients in D. Let
e;; be the N x N matrix unit with 1 in the (7, j)-entry and 0 elsewhere, then gl (D) has a basis

{eij@t"D' |meZ, 1eN, 1<i,j<n}.

Consider the subsequent central extension @(D) by C of the Lie algebra gl (D), also denoted
by Witeo(gln) (since Wi o0(gln) = Witoo when N =1).

ni

n . .

[eij ® t™ Dnlaek‘l ® M2 pn2 ] — 5jkeil ® Z ( Zl>mz2 matme Dn1+n2—1
=0

N2

N9 ; s

— duer; @ Y ( ) )m{ tmatmz pnatna=j
=0 N7

+ fI)(e,-j Q™MD e ® tm2D”2) c,
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for all my,me € Z, ny,no € N and 1 <14,5,k,1 < N, where ® is given by

0, if my1 = 0,
<I>(eij Rt D™ ey @tM2D"?) = (_1)n1+16j,k6i716m1+m2,0 % 2?;11 (m1 —4)™i"2 if mq >0,

(= 1) 8,105,100 5 Doim, (M1 —0)™i",if my < 0.

Now we give a representation of the Lie algebra Wi (gln).

Define S(N) to be the unital associative algebra with infinite many generators: a;(n),a}(n)
(n€Z,1<1i,j<N) with the relations

[ai(n),a;(m)] = [aj(n),aj(m)] =0, 3.1)
[a"i(n>7 CL; (m)] = _5i,j6n+m,0~ (32)

We define the normal ordering as follows.

a;(n)ai(m n<m
ai(n)aj(m) := { a;((n”)b)iz((ngj n ; m: (3.3)
forn,meZ,1<4,j<N.
Similar to (2.5)—(2.6), we have
ai(n)a;(m) =: ai(n)a;(m) : — & j6ntm.00(n —m), (3.4)
and
[ai(m)a}(n), ax(p)] = 6j k0n+p0ai(m),
[ai(m)aj(n), ag(p)] = =6i kOm+p0aj(n), (3.5)

for m,n,peZ,1<1,j,k<N.

Let S(N)™ be the subalgebra generated by a;(n), af(n), af(0) for n > 0 and 1 < i < N.
Let S(N)~ be the subalgebra generated by a;(0), a;(n), af(n) for n < 0 and 1 < i < N. Those
generators in S(N)T are called annihilation operators while those in S(N)~ are called creation
operators. Let V(N) be a simple S(N)-module containing an element vy, called a “vacuum vector”,
and satisfying

S(N)*wy = 0. (3.6)

So all annihilation operators kill vg and

V(N) = S(N) v (3.7)

Now we may construct a class of bosons on V(N). For any m € Z,n € N and 1 <4,j < N,
set
fig(m,n) =" (=k)" : a;(m — k)a (k) : (3.8)
keZ
Although f; j(m,n) are infinite sums, they are well-defined as operators on V(NN). Since,
for any vector v € V(N) = S(N) wvp, only finitely many terms in (3.8) can make a non-zero

contribution to f; ;(m,n)v.
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Lemma 3.1. For m,p,s€Z, ne N and1<1i,5,k <N,

[ fi,j(m,n), arx(p)] = é;kp"ai(m + p), (3.9)
[ fij(m,n),a;(p)] = =dik(—m — p)"aj(m + p), (3.10)
[ fij(m,n),ar(p)a;(s)] = 6;kp"a(m + p)a™(s) — ;1 (—m — s)"a(p)a”(m + s). (3.11)

Proof. The proof is similar to that of Lemma 2.1. |

Proposition 3.2. For my,ms € Z, n1,ns € N and 1 <i,5,k, 1 < N, we have

ni

[fig(mi,n), fea(ma,n)] = 6k (Z1>m§fi,l(m1 + ma,n1 + ng — i)

i=0
- ”Z( )mlfk,j mi1 + ma,n1 + ng — j)
U( fij(ma,m), fra(ma,na)),

where ¥ is given by
O, Zf my = 0,
(fi5(ma,m1), freg(ma,n2)) = & (=1)™ 105 60:10m, 4ma,0 Doiey (M1 — )™, if  my >0,
(= 1) 65,5610y 1m0 Yo, (M1 — 8)™18"2, i my < 0.
Proof. The proof is similar to that of Proposition 2.2. |
Let T = Efil £:,:(0,0), then one can easily show that

[T,ai(n)] = aj(n), [T,aj(n)] = —aj(n), (3.13)
forallneZ, 1 <j < N. For any

v = a;,(n1) - - ai, (ng)aj, (ma) - - - aj (mg)vo
from V(NV), noting that Tvyg = 0, one has

Tv = (s —t). (3.14)

Noting that
U(fij(mi,n1), fei(ma,n2)) =2P(e;; @t D™ ey @ ™2 D"?),
we may prove similarly

Theorem 3.3. V(N) is a level 2 module for the Lie algebra Wi1oo(gln) under the action given
by
m(ey; @t D™) = f; j(m,n),
m(c) = 2id,
forall meZ, neN and1 <1, j < N. Moreover,
N) =PV
keZ

is completely reducible, where Vi is the eigenspace with eigenvalue k of the operator T, and each

component Vi, is irreducible as a W10 (gln)-module. [ |
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