Upper Bound on the Slope of a Genus 3 Fibration

Zhijie Chen and Sheng-Li Tan

ABSTRACT. We divide families of non-hyperelliptic curves of genus 3 into 6
types, and for each type we give an upper bound on their slopes.

1. Introduction

Let f: .S — C be a fibration of a complex smooth projective surface S onto a
smooth curve C' of genus b, i.e., a holomorphic map with connected fibres. Suppose
that the fibration f is relatively minimal, i.e., S has no (—1)-curves contained in a
fibre of f. A fibration is called of genus g if the genus of its general fibre equals g.
Similarly, a fibration is said to be hyperelliptic or non-hyperelliptic according to the
type of its general fibre. We have the following basic relative numerical invariants

of f
K§jo=K§—8(g—1)(b-1),
xr=x(0s) = (g —=1)(b—1).
Whenever x ¢ # 0, i.e., f is locally non-trivial, the slope of the fibration f is defined
as
A =K50/xr-
The slope Ay is an important invariant for a fibration. In 1987, G. Xiao [17]

proved that for a relatively minimal fibration f of genus g > 2 (see also [4] for
semistable fibrations), one has

4—4/g < Ap <12,

and Ay = 12 if and only if every fibre of f is smooth and reduced, i.e., f is a Kodaira
fibration. For a genus 2 fibration f, Xiao [16] proved that

2< A < T

In general, if f is a hyperelliptic fibration of genus g, Xiao [18] obtained an upper
bound:
12 — 4)/g*
I djg< A < (8g + )/gé g even,
12— (8g+4)/(¢g°—1), godd.
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In particular, for a hyperelliptic fibration f of genus 3, we have
8/3 < A\f < 17/2

As for the relatively minimal non-hyperelliptic fibration f of genus g, one has:

3, g =3, E. Horikawa [8] and [5],
N > 24/7, g =4, Z. Chen [3] and K. Konno [6];
r= 4, g =5, K. Konno [6];

96/25, g =06, K. Konno [7].
Stankova-Frenkel [11] proved that if f is a semistable trigonal fibration, then

A > 24(9—1)
5g +1
See [11, 13] for some other lower bounds. [2] is a very good survey on the study
of slopes.

In this paper, we will investigate non-hyperelliptic fibrations f : S — C of
genus 3. We can not hope to get a better absolute upper bound on the slope, because
theoretically there are Kodaira fibrations of genus 3 by Satake’s compactification of
the moduli space of genus 3 curves, although no explicit examples have been found.
On the other hand, there is a close relationship between the geometry of curves on
S and the slope Af.

First, for any irreducible horizontal curve I" in S, we associate it with an integer
a(T") between 0 and 5. Let p be a generic point on I' such that the fibre F of f over
f(p) is a smooth non-hyperelliptic curve intersecting I" transversely at T'F distinct
points. Denote by K the cononical divisor of F. Then the linear system |Kp — p|
on F defines a triple cover F' — P!, Let a,, be the degree of the totally ramified
locus. One can prove that this number is fixed for generic points p on I" (using base
changes, see §3). We denote this integer by «(I).

Now we define

a:=max{a(T) | ' is an irreducible horizontal curve } .

Therefore, we divide non-hyperelliptic fibrations of genus 3 into 6 types according
to the value of @. Our main purpose is to give an upper bound on the slope Ay for
each type.

THEOREM 1.1. Let f : S — C be a non-hyperelliptic fibration of genus 3. If
f is not locally trivial, then

A< 9, Z'f a=3,4,5;
' 81/8, if a=2.

Therefore, Kodaira fibrations occur only when o < 1.

Furthermore, we obtain a formula to calculate the Horikawa number of a fibre.
As a byproduct, examples of local trigonal fibration with a smooth hyperelliptic
central fibre are given in this paper.

The paper is organized as follows: In §2, we recall the basic notions and the
canonical resolution of a triple cover. Then we introduce a formula to calculate the
Horikawa number of a fibre by the canonical resolution in §4. The proof of the main
theorem is given in §5 by using a key lemma which is proved in §6 by checking case
by case. In the last section §7 we give some examples of local smooth hyperellitic
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fibre within a trigonal fibration and investigate the properties of the branch locus
of a trigonal Kodaira fibration.

2. Preliminaries on the triple covers

In this section we recall some facts about triple covers. The details are referred
to [15, 14]. (See [9] for a general theory based on rank two vector bundles).

2.1. Triple cover data. Let X be a smooth algebraic surface over C, and
let m: Y — X be a normal triple cover. A triple cover data is a pair of sections
(s,t,L), where £ is an invertible sheaf, s € H°(X,£?) and 0 # t € H°(X, £3). Y
is the normalization of the surface defined by 23 + sz 4+ ¢ = 0 in the line bundle of
L. Any triple cover 7 is determined by some triple cover data (s,t, L).

If s = 0, then the triple cover is cyclic and everything is known. In fact, for
numerical computations, the case when s = 0 can be viewed as a special case of
s # 0 where 7 is totally ramified over the branch locus, i.e., there is no simple
ramification. So we always assume that s # 0, which implies £ = Ox (div (¢/s)) is
determined by s and t.

Let

4s3 27t 453 + 27¢
“= ged(s3,12)’  ged(s3,12)’ = ged(s3,42)”
Then a, b and ¢ are coprime sections of an invertible sheaf such that a +b = c.

Conversely, any coprime triples (a,b,c) with a + b = ¢ can determine a triple
cover over X. Assume that we have decompositions (according to the decomposi-
tions of their divisors)

a = dara3al, b= 27bybg, c=cicl,

where aq,as, b1, 1 are square-free and ged(ay,az) = 1. Then the data (s,t) deter-
mined by (a, b, ¢) is given as follows:

s = ajazbiag, t=aya3b?by.
Denote the corresponding divisors by
A; = Div(a;), B; = Div(b;), C; = Div(c;).
Let D1 = By + Cy, Do = A1 + As. Then the branch locus of the triple cover 7 is
R=2Ds+ Dy =2A5+2A5 + By + C4.

7 is totally ramified over Dy = A + Ao, hence Dy is called totally ramified branch
locus. Dy is called simply ramified branch locus. Let £, denote the trace-free
subsheaf of 7,y , then ¢;(€;) = —Dy — %Dl.

It is known that X is smooth if and only if Dy is smooth, Dy and D7 have no
common points, and all of the singular points of D; are cusps (i.e., locally defined
by y? + 23" = 0) where 7 is totally ramified.

2.2. Canonical resolution. The canonical resolution 7 :Y — Y of the sin-
gularities of Y is the following commutative diagrams.

}’;:Yk L} Yk;_l Tk—1 5/2 T2 le T1 YE) —-Y

ul | [l e

X=X, — 2 X, 2 X, X, -2 Xg=X
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(1) oi41 is the blow-up of X; at a singular point p; of the branch locus of ;.
Y41 is the normalization of X;11 Xx, ¥;. ™ = m; has a smooth branch

locus. So Y = Y} is smooth.
(2) The corresponding data (a(i), b, c(i)) of m; is obtained from

(ofa(i_l), orbli—1), afc(i_l))

by eliminating the common factors.

(See also [1] for the resolution of some special singularities).

2.3. Determination of the branch locus. Put
di = min {1, (AD), g, (BD), iy, (CO)},
where u, (D) is the multiplicity of a divisor D at p. Let

_ Upi(Dgi))
(2.1) m; = l2] )

(22) nz{%ﬂﬁm if d; = p, (RV)  (mod 3);

p; (Déi)) —1, otherwise.

Let E; be the exceptional curve of g;, & be the total transform of E; in X , and let
o =o01 0. Then

k—1
(23) D1 = U*(Dl) -2 Z mi&ﬂ,
=0
_ k—1
(24) D2 = U*(DQ) — Zni&ﬂ.
=0

Hence we get the following criterion:

LEMMA 2.1. We use also E; to denote the strict transform of E; in X.
(i) E; C Dy <= p,, (D\") is odd;
(i) E; ¢ Dy and B; ¢ Dy <> p,, (Dgi)) is even and d; = fip, (Déi)) (mod 3);
(iii) B; C Dy <> ,upi(Dgi)) is even and d; # pp,(R®) (mod 3). Furthermore,
(a) if pp,(RD) —d; =1 (mod 3), then E; is a component of Ay ;
(b) if pp, (R) —d; =2 (mod 3), then E; is a component of A,.

LEMMA 2.2. Let (D1Ds), be the intersection number of the divisors D1 and
Dy at an intersecting point p € P, then (D1D2), is an even number.

PROOF. Since Dy Dy = 0, by (2.3), (2.4), one has

k—1 k—1
0= D1D2 = (E*(Dl) —2 Zmi&H) (5*(D2) — Zni&-H)
=0 =0

k—1
= D1D2 — Qmel
i=0
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Hence
k—1

(25) D1D2 =2 Z m;in;.
=0

Thus

(D1D2)y =2 > mn,.

o(Eiv1)=p

O

REMARK 2.3. This lemma is very useful in the canonical resolution when we
do not know the defining equations. In this processes, the exceptional curves of
E; meet transversely. If F; meets E; at p, and there is no other component of the
branch locus passing through p, then the case where E; C Dy and E; C Dy can
not occur.

2.4. Computation of invariants. Now we have the formulas for the triple
cover:

1 1 5 1
(2.6) x(0g) = 3x(0x) + éDf + ZDlKX + 1—8D§ + 5DZKX
kol m,(mz — 1) _ kol Tli(5’/li — 9)
1=0 =0 18
1 4
(2.7) Kg =3K% + ng +2D, Kx + ng + 4Dy K x
k—1 k—1

_Zg(mi_l)Z_ W_k’

i—0

s
Il

=
-

3. On the number «

Let T be a horizontal curve on S and p be a generic point on I'. In order to
prove that o, (deﬁned as in the introduction) is independent of p, we consider the
base change m : C — C, where C is the normalization of I' and = is induced by f.
Let f S — C be the pullback fibration of f under the base change m. Then f
admits a section I' whose i image in S is I'. A generic fibre of f with respect to I is
isomorphic to a generic fibre of f with respect to T. So we only need to prove the
independence for r. Namely we can assume that I' is a section of f.

Now we let £ = wg/c(—T), and let £ = f.L. It is easy to check that
hO(F,L|p) = h°(F,wp(—p)) = 2 for any fibre F', where {p} = F NT. Hence &
is a rank 2 vector bundle over C. We can construct a rational map

¢r:S — —— Py=P(¢).

If F is a general fibre, then rational map ¢, |r is a triple cover of P! defined by
wr(—p). Hence ¢, is generally a triple cover, and the fibration is induced by the
ruling of Py. Let «(T") be the degree of the totally ramified branch locus on a general
fibre. Then o, = «(T") for a generic point p on I". Note that « is independent of
the existence of the global triple cover.
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4. Horikawa numbers

Let f: S — C be a relatively minimal non-hyperelliptic fibration of genus 3.
Assume that f has a section I and ¢, : S — — — Py is the rational map defined
as above.

In the following commutative diagrams, 7 is the elimination of indeterminacy
of ¢ such that ¢ = ¢p 07 : S — Py is a morphism. ¢ = 7o o £ is the Stein
factorization of ¢, so mg is a triple cover. The square on the right hand side is the
canonical resolution of Sg.

S —— 5 S
Loel L
S —di£—>P0 ~% p

In fact, f : S — C is the relatively minimal model of S—C. S7:5—Sisa
birational morphism.

(4.1)

Let R be the branch locus of 7, R = E(E). Then ¢ is the embedded resolution of
singularities of the branch locus R, 7 is the canonical resolution of the triple cover.
Let Cy be a section of the ruled surface ¢ : Py — C such that the self-intersection
number C3 = —e is minimal. Let

DlzBl-l-Cl, D2:A1+A2, R:D1+2D2
Here D; = 27 is the branch locus of double ramification, and Dy is the branch
locus of triple ramification. Since the genus of a general fibre is equal to 3, RF =
D1F+2D2F = 10. Let
Dy ~ aCy + BF, Dy ~ (10 — 2a)Cy + 2+F.
By (2.6), (2.7), we have

Xr=x(0s) = (g—=1)(b—-1)=x(Og) = (g = 1)(b—1)

(5 (-5

_ i:l ml(mz — ].) . 2 nl(fmz — 9)
‘ 2 , 18 ’

1=

E

@
I
=)
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Ko=K:=8(g-1)(b-1)=Kg—-8(g—-1)(b—1)+e¢

&
o o 5 —«
:8(5—1) (ﬁ—56)+4(3—a) (7— 5 e)
k—1 k—1
~ S 2(m; —1)% - W—k—ka
1=0 i=

=
+§;(ml— 1)(4—my) + z_%nl(f)—ni) —k+4e
1 k—1 =
= —3D1Ds + 5 ;(mz —1)(4 —m;) + 5;7%@ —n;) —k+e.
By (2.5)
k—1
(42) D1D2 == Qmel
i=0
Let w; = m; + n;, we have
=
2 _ _ o . o
(4.3) Ks/c_3Xf—_§ ;(ml—knl 2)(m; +mn; —3)+¢

=
=3 Z(wi —2)(w; — 3) + .
=0

Let F be a fibre of a relatively minimal non-hyperelliptic fibration f : S — C
of genus 3 and let p = f(F). The Horikawa number of F' is defined as (cf. [10])

Hp = length coker (Szf*wS/C = fu (W?/zc)) :
P

(Ashikaga and Konno define in [2] the Horikawa number for any fibration.) The
global invariants of f depend on this number. In fact, Reid [10] shows that

(4.4) Ko —3xs =Y Hr.
F

Compare (4.4) with (4.3), for any p € C, F = f~1(p), we may calculate the
Horikawa number of F' by the following formula:

(45) HF:—EZ(UJJ'—Q)(IUJ'—S)-F&'F,

2 &
J
where w; is the invariant occurred during the canonical resolution of the fibre
©o ' (p) and ep is the number of exceptional curves in 7' (F) contracted by 7.
Similarly, we can define the Horikawa number for a singular point p in the
branch locus R:

(46) Hy= =5 3w = 2w; ~3) + 5,

J
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where wj; is the invariants occurred during the canonical resolution of the point
p € R and ¢, is the number of exceptional curves in (67)~1(p) contracted by 7.

Then
> Hp+éhp,

(4.7) Hp =
wo(p)=f(F)

where ¢/ is the number of extra contractions.
Now we give an example to show the calculation of Horikawa numbers and the
number of extra contractions.

ExAMPLE 4.1. Let p € D; be a double point (i.e., pp(D1) = 2, pp(D2) = 0)
which will be resolved after k blow-ups. To illustrate the canonical resolution of the
singularities, a thick line (resp. thin line) is used to represent a component contained
in the divisor Dy (resp. D1), and a dashed line is used to represent a component
not contained in the branch locus. The self-intersection number is marked near the
component. In most cases the self-intersection number —2 is omitted. The pair of
numbers under an arrow ( o : represents the invariants m; and n; associated with

Mg,

this blow-up. And 2 represents a triple cover.

1

< - ]
(1,0) (1,0) ——--- !
k times !

-1
..... blow-down s
_—

k times

A1

Here we have ¢, = k, H, = (—1) -k + k = 0. Now let us look at a fibre of ¢:

< e

(1,0) (1,0)
k times

o-thFHFHH- X -
L-trFFRH-9--

There are 2 cases for the triple cover of this fibre according to the local behavior
of the covering data (s,¢, £). In the first case, the triple cover of the strict transform
of the fibre is an irreducible curve of genus 2. In this case, the number of extra
contractions ¢ = 0. Hp = H, = 0.

-1

blow-down

k times

A1
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In the second case, the triple cover of the strict transform of the fibre has 2
components. One is a smooth hyperelliptic curve of genus 3, and the other is a
(—1)-curve. In this case, ¢ = 1, ¢, =2k — 1, Hp = Hp, + 2k = 2k.

9=3 9=3
—2 —1
—+—
1:3 | 1 ... blow-down | | ... blow-down
-— —_— —
k times Asp_1 2k times

=+ =+ !
-1 -1 g=3

To simplify the calculation, in what follows, we will modify the definition of the
Horikawa number of a point p. For example, in the second case, we define H), = 2k.
Like this, the formula (4.7) will be replaced by the following formula.

(4.8) Hp = Z H,.

eo(p)=f(F)
5. Proof of Theorem 1.1
We recall the following theorem about the slope of a fibration f:

THEOREM 5.1 ([12], Corollary 4.3 and Corollary 4.4). Let f be the semistable
reduction of [ with Ay > 8.
(1) If f is not semistable, then Ap> Ag.
(2) If the slope of f is maximal, then f is semistable.

By this theorem, we can assume that f is semistable. So under any base change,
the pullback fibration f has the same slope as f. In particular, we can assume that
f admits a section I'. Thus the fibration f is induced by a triple cover as in diagram
(4.1). Our next purpose is to choose a better minimal model of the ruled surface

P — C for our triple cover.

LEMMA 5.2. P can be contracted to a relatively minimal model P with a ruling
p: P — C satisfying the following conditions.

i P
C
(1) Let R be the branch locus of ®, and R be the image of R in P. Then
1 : P — P is the canonical resolution of R.
(2) Let Ry, be the horizontal part of R (i.e., Ry, does not contain any fibres of

¢ and R, = R — Ry, is the sum of some fibres), then the multiplicities of
the singular points of Ry, (resp. R) are less or equal to g+2 (resp. g+4).

P

The induced triple cover over P ramified over R is called normalized.

PROOF. Let F be a singular fibre of ¢ : P — C. Then F contains a vertical
(=1)-curve E. Since KpF = —2 and KpE = —1, it is easy to prove that either the
multiplicity of F in F is at least 2, or F' contains another (—1)-curve F’.
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As RF = Ehl:i: 2g + 4, where f%h is the horizontal part of ﬁ, we can take a
(=1)-curve E; in F such that

~ 1~ ~
RhEl < iRhF:g—FQ,

Let 9 : P — Py be the contraction of E;, Rj 1 be the image of Eh in P, and
= 11(F1). Then the multiplicity of Ry, 1 at p; is at most g + 2. Similarly, we do

the same procedure until the ruled surface is relative minimal.
Therefore, we can get ¢ P — P such that P is relatively minimal over C,
and the multiplicities of the singular points of the image Rj, of Rh in P is at most
g+ 2. O

Now we use the normalized triple cover over P to replace the original triple
cover my over Py to obtain our fibration f: S — C.

LEMMA 5.3. Let ¢ : P — C be aruled surface over C (nOt necessarily minimal),
let (s,t, L) be the tmple cover data of a triple cover 0 : S — P with a smooth branch
locus, and let f S — C be the induced fibration. Assume that the genus g of f 18
nonzero. Let E be a vertical (—1)-curve in S and D = n(E). Then we have

(1) D is a vertical (—3)-curve contained in Da;

(2) D is a vertical (—2)-curve contained in Dq;

(3) D is a vertical (—1)-curve disjoint from the branch locus.

(4) D is a vertical (—1)-curve such that near D, 7 is factorized as a double
cover and a one-to-one cover of P. So D is disjoint from Dy, but has
intersection with D1 .

(5) D = P! is a fibre disjoint from Ds, tangent to Dy with order 2 at one
point p. Qutside of p, the triple cover over D is decomposed as a double
cover and an isomorphism.

PROOF. It is obvious that there is a vertical (—1)-curve over the above curves.
Conversely, we know that D is a smooth rational curve in a fibre. Then there are
O cases:

1) D is contained in Do;

2) D is contained in Dy;

3) D is disjoint from the branch locus;

4) D is not a fibre, not disjoint from the branch locus and not a component of
it.

5) D is a fibre, but not a component of the branch locus.

In case 1), it is easy to see that D? = 3E? = —3. In case 2), there is only
simple ramification over D. Thus the two curves over D have no intersection. The
self-intersection number of the ramified curve is D?/2, that of the other one is D?.
Thus D is a (—2)-curve. In case 3), D has the same self-intersection number as E,
so D is a (—1)-curve.

In what follows, we consider cases 4) and 5). Note that

0*(Dy) = 3D,, 6*(Dy) = 2D, + D).
We have K¢ = 0*(Kp) + Ry, where
Ry = 2.52 + 51.
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Thus
0< RyE = KegFE —0"(Kp)E = -1 - Kp(0.E) = -1 —dKgD,

where 0, F = dD and d is the degree of 8| : E — D. So KegD < 0. Since D is
a smooth rational curve contained in a fibre, D? < 0 and KPD + D2 = —2. Thus
D is a (—1)-curve or a smooth fibre. d # 3 because otherwise E = 6*(D) and
—1 = E? = 3D?, a contradiction.

First we assume that D is a (—1)-curve. Then RgF =d—1 <1, so E.ﬁg =0.
It is easy to see that DDy = 0. If d = 2, then 6*(D) = E + E’. Thus EE' =
0*(D)E+1=—d+1<0, a contradiction. Hence d =1 and RgF = 0. This is the
case (4).

Now we assume that D is a fibre. Then F' = 6*(D) is a fibre and KgD = —2.
If d =2, then F = E+ E'. We have E'E = 1 and E’> = —1. Because E’ is a
smooth rational curves, g = p,(F) = 0, which contradicts our assumption. Thus
d=1and RyFE = 1. Then we know that D has no intersection with Ds. We have
also B> = —1, EE' = 1. Denote by ¢ the intersection point of F and E’, and let
p = 7(q). By local computation, we see that D must be tangent to Dy at p with
order 2. Outside of p, the triple cover is locally composed of a double cover and a
one to one cover. This is the case (5). O

REMARK 5.4. In Example (7.1), we can find a (—1)-curve of type (5).

LEMMA 5.5. In the normalized triple cover, we can assume that

(1) the branch locus R = Dy + 2Ds contains no fibres of the ruling;
(2) each component of D1 or Dy is a section of p: P — C.

PRrROOF. Note first that we can use base change freely because f is semistable.
Look at the following base change (which induces a base change of f):

P——>P

P lw
c—=cC
Let (s,t,L) be the triple cover data on P. Then (77*s,77"t, 7" L) is the triple cover
data of the pullback triple cover over P. Let 3 = *s, t = *t, L = "L, and we
denote the corresponding triple cover data on P by adding a bar. Since the greatest
common divisor is independent of the base change, we have
ged(3%, 1) = 77" (ged(s”, 12)).
Hence
a=7n%, b=7nh,  ce=7n'c
Suppose that the fibres Fy,-- - , F are contained in the branch locus D; + Ds.
We consider a base change 7 of degree 6n totally ramified over p; = @(Fy), -+ ,ps =
©(Fs) and some other generic points. Then the multiplicity of the pullback fibre
7 Y (F;) in @ or b or ¢ is divided by 6. So it can not be in the branch locus D; + Ds.
Now we see that the branch locus of the pullback triple cover contains no fibres.
So we can assume that the original branch locus contains no fibres.
On the other hand, there exists a base change 77 such that A;, Ay, By, C are
composed of sections of . Thus the branch locus of the pullback triple cover
consists of sections.
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The pullback of a normalized triple cover is still normalized. This completes
the proof. (I

There are 2 invariants associated with the canonical resolution of a singular
point p (this may be an infinitely near point) in the branch locus, i.e., Horikawa
number H, and the contribution to x(Qg), denoted by §,. Their computation
formulas are as follows:

Hy= 53w — 23 - w) + 4,

m;(m; — 1) n;(5n; — 9)
D D D e
From these 2 invariants, we will define a slope function
sp(A) = Hp + Gp,

Our goal is to find the upper bound of the slope function, especially under the
condition 9 > \ > 6.

Let D be a horizontal effective divisor in the ruled surface p : P — C. In
what follows, we always denote a fibre of the minimal ruled surface by F. Then
the relative ramification index of D is defined as

rp=D(D+ Kp,c) > 0.
In fact, if D is the normalization of D, then
rp =2 - (geometric genus of the singular points of D)
+ (ramification index of the finite morphism D — C).

Denote the contribution to rp of each singular point p of D by r,, then
D = Z Tp-
p

It is obvious that , is the sum of 2 times of the geometric genus of (D, p) and the
contribution of the inverse image of p to the ramification index of D — C.
In what follows, we use the following notations:

T = TDL;” o = TD2,}L7

",p = "Dy n,p> T2,p = "Dy p,p-

LEMMA 5.6. Assume that the triple cover data (s,t,L) over ¢ : P — C
is normalized (cf. Lemma 5.2), and that the induced fibration f : S — C 1is
semistable and of mazximal slope. We assume also that the branch locus D1 and Do
consist of sections (without vertical components). Let A be a number such that

s if o = DoF > 3,
= \27/4, ifa=DyF =2

Then for any singular point p of the branch locus, we have

(5.1) sp(A) < My(A)r1p + Ma(AN)rap + M3(A)(D1Ds)p,
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where
Mi(X) = 7/9,
Mo(N) =A/6+1/3,
—A/941/3, if DoF > 3,
M3(\) = / / f ?
~A/9+5/12, if DoF = 2.

ProOF OF THEOREM 1.1. By Lemma 5.5, the hypothesis is satisfied. Note
that o = Do F'. Let

D2 ~ OZCQ + ﬁF7 D1 ~ (10 — 20{)00 + 2’7F
By calculation,

5—«

r14(92a)<'y . e>, 7"2:2(0471)([37%6),

D1Dy =2(5— «) (ﬁ—;e>+2a(7—5;ae).

Since Dy and D are horizontal effective divisors,

a 5—«
—Ze> — >
Jé] 26 >0, ¥ 2 e>0
Let
15%" « 5—«
== _1 _ = 4 — _
Xs <9 )(ﬁ 26)+( a)<7 5 e)
‘We have
Y R XA B
F p P
=AXs — > _(Hp+A5p)
p
2 AXs — Z(Ml(A)Tl,p + My(N)ra,p + M3(A)(D1D2)p)
p
= Axs — Mi(A\)r1 — Ma(N)rg — M3(A)(D1Ds).
If @ > 3, then

)\xf—;szg()\—& (ﬁ—%e)—i—%()\—& (7—5;ae>.

Hence \xy > > pHp = Ké/c —3xs when A = 6. So Kg/c < 9x;.
If « = 2, then

Axf—ZHFzg(A—i:) (ﬁ—e)+§<A—123> (’y—ie).

Let A =57/8. Then Axy > > Hr = K3/ — 3xy, Le, K5 o < (81/8)xs. O
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6. Proof of Lemma 5.6

Under the hypothesis of Lemma 5.6, we have p,(D1) + 2u,(D2) < 5. Hence
there are 9 types:

(i) MP(DI) =2, up(D2) = 0;
(ii) MP(DI) =0, MP(D2) =2;
(il) pp(D1) =1, pp(D2) = 1;
(iv) .up(Dl) =3, ,U;o(D2) = 0;
(V) pp(D1) =2, pup(D2) = 1;
(Vi) pp(D1) =1, pp(D2) = 2;

(Vi) pp(D1) = 4, pp(D2) = 0;
(viil) pp(D1) =3, pp(D2) =1,
(ix) pp(D1) =5, pup(D2) =

At first, we will investigate the case of extra contractions (cf. §2).

LEMMA 6.1. Under the hypothesis of Lemma 5.6, if DoF > 2, then the extra
contractions occur only in the following cases:
(1) Case (ii) with DoF = 2;
(2) Case (vi) with DoF = 2.

PROOF. An extra contraction occurs only if the triple cover of the strict trans-
form of the fibre F' contains a (—1)-curve. Hence the self-intersection number of
the strict transform of F must be —1 and there is no triple ramification on it (case
(4) of Lemma 5.3). This implies that there exists only one singular point p of R on
F, and after a blow-up, there is no singular point on the strict transform of F. On
the other hand, Do N F = {p}. Since p,(D2) < 2, we must have pu,(D2) = 2 under
the condition Do F' > 2. The only possible cases are (ii) and (vi). O

REMARK 6.2. If we omit the condition Dy F > 2, then extra contractions can
occur in all the types (i)—(ix).

LEMMA 6.3. Under the hypothesis of Lemma 5.6, during the canonical reso-
lution, if an exceptional curve is a double ramification component, then it cannot
have more than one singular point on it. Similarly, if an exceptional curve is a
triple ramification component, then it cannot have more than 2 singular points on
it. If the self-intersection number of a triple ramification exceptional curve is less
than —1, then it cannot have more than one singular points on it.

PROOF. Since the components of Dy, Dy are sections, after blowing up, their
strict transforms cannot be tangent to the exceptional curve. If an exceptional
curve F is contained in D; or D5, then the ramification divisor over E is a multiple
component of the fibre in f. Because f is semistable, this ramification divisor must
be contracted.

Note that if the exceptional curve is not coming from the blow-ups of a good
cusp, then the contraction of the inverse image curve of type (2) in Lemma 5.3
is isolated, i.e., it does not induce the contraction of the curves connected with
it. Type (1) of Lemma 5.3 is similar. So the exceptional curve E will become a
(—2)-curve in D; or a (—3)-curve in Dy as in Lemma 5.3.

The (—2)-curve of type (2) in Lemma 5.3 comes from a (2k+ 1 — 2k + 1) type
singularity of Dy, so there is only one singular point on F.

The proof of the totally ramified case is similar. O
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Now let’s investigate type by type.

Type (i) pp(D1) =2, pp(D2) = 0. It has 2 subtypes:

(i-a) Hyperelliptic type (cf. Example 4.1): H, = ¢, = 0, s,(A) = 0. In fact
this is a rational double point Asi_1 plus a smooth point, we call it hyperelliptic.

o - - : !
)
[

k times Ao

—3 1
—1

L L L | |

] [ -3 1:3 — —1 blow-down
v — e ] ] 4 —e -I_ ..... T .

: ] imes
k times -=—=t3 H 1 -1
-1 -1 -3 —6 -6 -3 -3

The local equation of this point p is 22 + % (it has two smooth components),
it is a cusp. The triple cover of this point is a smooth point. The invariants of the
canonical resolution are as follows:

H, =[(—3)4+ (-1) + 0+ 0]k + 4k = 0;
6, = [7/940+1/9 —2/9)k = 2k/3;
r1,p = 6k;
sp(A) = (A/9)11p.

In what follows, we will investigate a segment of the series of blow-ups. If after
some blow-ups the obtained singular points are the same type or previously known
low-multiplicity singularities, we will stop the process. If we can check that in this
segment the inequality (5.1) is true, then by induction, it is true for this point.

EF“ypS% (ii) pp(D1) =0, pp(D2) = 2.

Wege ~%

H, =0; 9, =1/9; rop = 2.

$p(A) = /9 < (\/18)ra, < (A/6 + 1/3)r5..

(ii-b) If & = Do F' = 2, we may have extra contractions.
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P __.
: L "
< . - P S P -l
Koo oo LT "
£ k times £ -
L L
L L
£ £
i i
[ [
0 -1
-1
1:3 | 44— ... blow-down | 41— .....
—
k times Aop_1
-3
-2 -2
g9=2 9=2

Hy=k  6,=k/9 1o, =2k
sp(A) = (V18 +1/2)rap < (A6 +1/3)r0,,  if A > L5,

(ii-c)
Mo = —— — T Tx’
) —1 “0.2) 0,2) _IL_3 0,3) Ti-:—l

-1

In this subtype, €, = 3 (two (—1)-curves totally ramified over the two (—3)-curves,
and one (—3)-curve over the (—1)-curve).

H,=-1+0+0+0+3=2 0,=-2/9+1/9+1/9+1=1; 7y, =06.
sp(A) = A +2 < (A6+1/3)r0,.

(ii-d) Degenerate case.

blow-down
X<y """W - J_L X+

—3-3

Hy=-140+0+1=0; 6, =-2/9+1/9+1/9=0; s,()\)=0.

Tl—l-l-—2
Ko 09 02 i

-1

The last exceptional curve is a triple ramification component, its self-intersection
number is —2 and has 2 singular points on it. By Lemma 6.3, this is impossible.
In fact it is a rational double point Fg.

Type (iii) pp(D1) =1, pp(D2) =1

4

1 I

x < x < | — < ] | ] -
(0,1) -1 (1,1) —'—l k—1 times _l : T
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1 1
1:3 — | .... —I—— blow-down — | ....

-— 1 _— Ask—1

H,=(-Dk+k=0; 6,=(-2/9—2/9k=—4k/9;  (D1Dy), = 2k.
Sp(/\) = —2)\/9(D1D2)p < (—)\/9 + 1/3)(D1D2)p

Type (iv) pp(D1) =3, pp(D2) = 0.
At first, we investigate the non-degenerate case.
x
=S - |

<(1,0) =1 (2,0 —_
—1

If the singular point is hyperelliptic, then e, = 3. If not, ¢, = 1. Hence we have
Hy<-1+0+3=2; 0p=0+1=1; T1p = 12.
Sp(A) < (A/124+1/6)r1,p < (A/9)71p, if A > 6.

If after a blow-up the singular point becomes of lower multiplicity (degenerate
case), then there are 2 possible cases as follows:

% -1 -1

This is impossible by Lemma 6.3. In fact, in the degenerate case, the singular point
is rational double point of type D; or E;.

In the general case, after some blow-ups, the infinitely near singular points will
be of lower multiplicity or in the degenerate case. In any case, Lemma 5.6 is true.

Type (v) pp(D1) =2, pp(D2) = 1.

(v-a)
Rty ¥
H,=0; 6,=-2/9; 11,=2; (D1D3),=2.
sp(\) = —2X/9 < (\/9)r1p + (—A/9 + 1/3)(D1 Dy),.
(v-b)
—— ===
Rto —FT 0o 02—t (1) %-’?_1

In this case €, = 3. Hence
H, = -14+04+04+0+3=2; 6, =0-2/9+1/94+1/9=0; r1,=06; (DiD2),=056.
5p(N) =2 = (91 + (~A/9 + 1/3)(D1 D),

(v-c) The degenerate case. Only one case induces a semistable fibre.

)E( + )kgood cusp
AT R TR S (R

-1 -1 -1
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In this case €, = 3. Hence
H, = -140+0+0+3=2; ¢, =0-2/9+1/94+1/9=0; 71, =06; (D1D3),=06.
sp(A) =2 = (A/9)rip + (=A/9+1/3)(D1Ds)y.
Type (vi) pp(D1) =1, pp(D2) = 2.

(vi-a)
He—— —F— —— "
(0,2) -1 (1,2)

:
-1
Hy=0+0+1=1; 6, =1/941/9=2/9; ry,=4; (D1Dy),=4.
sp(A) = 20/9+ 1 < (A6 + 1/3)rap + (—A/9 + 1/3) (D1 Dy),.

(vi-b) If & = DoF = 2, we may have extra contractions.

! ] |
* (R 1 i
| | [ [} | [ | -l
*Q_+< —l — < Il 1 L} [ —
':' 0.2) ':' 12 ‘:‘_ll k—1 times -:- ! ! ! _'1
I I x I
L L L L
L L L L
0 1 1 1

1:3 -I—— | .... —I—— blow-down
-— _ —_

——I— 3k times J/\/
—al =4 -..... | ..........
1 —

H,=3k; 6,=2k/9; rop,=4k; (D1D3), =4k.
sp(\) = 2kN/9 + 3k = (A\/6 + 1/3)rap, + (—A/9 4 5/12) (D1 Dy),.

By Lemma 6.3, the degenerate case

% 1

is impossible.

Type (vii) 1,(D1) = 4, j1y(Ds) = 0.

(vii-a)

e T
If the singular point is hyperelliptic, then €, = 1. Otherwise, €, = 0. Hence we
have
H,<0+1=1; op =1, rip = 12.
sp(A) < (A/124+1/12)r1 , < (A/9)71,p, if A>3.
(vii-b)

—|+ -3
N te—— S ——— +«— -1 «— -1 X
(2,-1) -1 (2,0 0.2) e (21) g

-1
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In this case we have €, = 3.
Hy=-1+0+0+0+3=2 08, =16/9+1+1/9+7/9=11/3; 1y, = 36.
sp(\) = (11A/108 + 1/18)r1, < (\/9)r1p,  if A > 6.
(vii-c) Degenerate case, note that (D1.D2), should be even.

" ):( ):( good cusps
— e ————
(2,-1) =1 (1,1 _:_:__3

In this case we have €, = 1.
H,=-140x2+1=0; 6,=16/9—-2/9-2/9=4/3; 11, =16.
sp(A) = (A/12)r1p < (A/9)r1p.

Type (viii) pp(D1) =3, pp(D2) = 1.

>t < i - 1

(1,1

In this case we have €, = 1.
H,=0+0+1=1; 6,=-2/94+7/9=5/9; r,=12; (D1D3),=06.
sp(A) =BA/9+1 < (AN/9)r1,p + (—A/9+1/3)(D1D2)p.

Type (ix) pp(D1) =5, pp(D2) = 0.
At first, we investigate the non-degenerate case.

. &

a :(2,0) T-1 (3,00 —

If the singular point is hyperelliptic, then €, = 3. Otherwise €, = 1. Hence we have

H,<0+0+3=3; O0p =143 =4 r1,p = 40.

s5p(A) < (V10 + 3/40)r1,, < (A\/9)r1,,  if A > 27/4.

In the degenerate case, after a blow-up there would be more than one singular
point, this is impossible by Lemma 6.3.

7. Examples of smooth hyperelliptic central fibre

In this section we will give some examples to show how to construct local
fibration by triple cover such that its central fibre is a smooth hyperelliptic curve
of genus 3. Let P = P(lc[[t]] = PL x¢ Spec(C[[#]). Then ¢ : P — Spec(C[[t]])
is a local P!-bundle whose central fibre is Fy = ¢~ 1(0) = PL. Let y denote the
affine coordinate in PL. Let P = U UV be an affine open cover of P where P\ U
is the line at infinity oo x¢ Spec(C[[t]]), P\ V = Z(y). Let U, = U — Z(y) =
Spec(CI[t]]ly,y ']
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EXAMPLE 7.1. Let
s = (=9t + 912 — 3)y* + 12ty* — 3t> € T(P,0p(4)),
t = (9t3 — 9% + 2)y% + (9t* + 183 — 12t)y* + 15t%y* + 2t3 € T(P,Op(6)).
and £ = Op(2). By using the following polynomial equation in £3
p(z) = 2° + 82 + t,
we can define the triple cover f : Y — P determined by the triple cover data
(s,t,L).
Then we have
ap =s = (=92 + 9t* — 3)y* + 12ty> — 3t2,
bo =t = (9% — 9% + 2)y% + (9t* + 18t% — 12t)y* + 157y + 2t3,
ag =ay="b; =1, co = 27ty?,
e = (—4t° 4121 — 1263 4+ 3t 4 2t — 1)y'0 + (223 — 26> 4 4t + 4)y8
+ (—t* + 2087 + 8¢2 — 22t — 2)y°® + (22t + 8t)y* + (4¢3 — 1)y? + 4¢.
The discriminant of ¢; is a polynomial in ¢, hence it has 10 simple roots in an
infinitely small neighborhood of ¢ = 0. When ¢ = 0, ¢; has a double root y = 0 and

8 simple roots. Thus this triple cover has only double ramification. The following
diagram shows the resolution of the singular points of the branch locus.

1, ]
< > < -r+-- -1
T (00 T -1 (10 T
I I I
] ] ]
Ilo T 1Co
T T T
L L L
L L L
0 11 1_9

Note that U, is invariant during the resolution, Fy N U, = Cy N U,. Since Fy
is contained in the zero set of cg, Y is not normal over f~1(Fp) (cf. [15]). But the
restriction of the defining polynomial p(z) to F N U, is

p(z) = 2% =3y'z +2y° = (2 + 2y*)(2 = y*)?  (mod t)

So p(z) is reducible in C[[t]]ly,y~1]. This implies that after the normalization
Y — Y, the triple cover of Cy has 2 components. By the connectedness of the

fibre, we can obtain the smooth fibre bundle.
-2 -1

1:3 blow-down
— ) _—
- 5 times

__|__1

—4 g=3, hyperelliptic
9=3

The Horikawa number Hp = -3 —-14+5=1.

EXAMPLE 7.2. Similarly to Example 7.1, let
s==3y" +9(—t" +t*)y® + 18t>y € (P, Op(4)),
t = 2y% + 9(t* — t3)y® — 18t%y® 4 277y + 27t* € T(P, Op(6)).
and £ = Op(2). Then we have
ap =s = =3yt + 9(—t* + 13)y® + 182y,
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bo =t = 2y% +9(t* — £3)y® — 18t%y3 + 27t5y% + 27t
Cllzag:bl:l, C():tg,
c1 = (2 — 2t 4+ )y'% + (4% — 1265 + 12t* — 413)y° — 498
+ (=24t + 3013 — 6t%)y" + (30t + 6t)y° — 27t y* + 4y — 54t3y? — 274>

The following diagram shows the resolution of the singular points of the branch

locus.
i < |, - [ < | ]
T d T < T 1
T ¢,-1n + -1 @01 =11 @1 =T
T ( ) T (0,1) T (1,1) T,
I T T 5
1o xT X T
L L L L
L £ 4 £
) 11 1_9 1_9
-1
1:3 | B blow-down_
N | -1 5 times
-2 -3 g=3, hyperelliptic

The Horikawa number Hp = -3 —-14+0+5=1.

In these two examples, if we replace t by t", namely we consider a base change
of degree n totally ramified over the central fibre, then we get a new hyperelliptic
central fibre F,,. By the formula in Theorem 4.8 of [12], the Horikawa number of
F, is

HFn = ’I’LHF =n.

If a fibre in a trigonal fibration is a smooth hyperellitic curve, it is called
bad smooth fibre. In the preceding examples, some bad smooth fibre have been
constructed. Their Horikawa number can take any positive integers.

PROPOSITION 7.3. Let Fy be a fibre of a minimal ruled surface p : P — C

and let f: S — C be a relatively minimal fibration obtained by a triple cover of P.
If the fibre of f over Fy is a bad smooth fibre, then

(1) a=DyF <1;

(2) There is only one singular point p € Fy of branch locus. If Do F = 0, then
wp(D1) < 3. If DoF =1, then uy(D1) = pp(D2) = 1. Hence the other
intersecting points of branch locus with Fy are all of double ramification.

PrOOF. Obviously Fy could not be a component of the branch locus. So there
must be singular points (good cusps are excluded) of branch locus in Fy. After
the canonical resolution, there are many components in the inverse image of Fy. If
there is no extra contractions, the obtained fibre of the relative minimal fibration
cannot be smooth. And the hyperelliptic curve must be a component of the strict
transform of Fy. This smooth hyperelliptic component is a double cover of Fy = P!,
To insure that its genus is g, there should be 2¢g + 2 distinct double ramification
points in Fy. But note that RFy = 29 + 4.

Let p € Fy be a singular point of the branch locus. If DyFy > 2, then there
are at most 2¢ double ramifications in Fy, a contradiction. If p,(D2) = 1, then
tp(D1) > 1 and pp(D1) must be odd. But by the same reason as previous, p,(D1) >
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3 will not do. So we have p,(D1) = pp(D2) = 1. If p,(D2) = 0 and pp(D1) > 4,
then the remaining double ramifications are not sufficient.

The examples above imply that u,(D2) = 0, pp(D1) < 3 may locally induce a
smooth hyperelliptic fibre of genus 3. But we have not found an example for the
case pp(D2) = pp(D1) = 1. Since any singular point will decrease the number of
double ramifications, there cannot exist more than one singular points in Fy. [

The examples above imply that bad smooth fibres may exist when o = Do F <
1. As we know the Kodaira fibration do exist when g > 3, so the slope may reach
the upper bound 12 when o < 1. At last we will investigate the behavior of the
branch locus if f is Kodaira fibration.

COROLLARY 7.4. If f is a Kodaira fibration, then the branch locus must satisfy
the following conditions:

(1) DoF = 0: A singular point p of the branch locus (good cusp is excluded)
must be one of following type. If a fibre has a singular point as follows, it
can have neither second singular point nor good cusps.

(a) Double point not tangent to the fibre;
(b) Triple point not tangent to the fibre;
(¢) Smooth point tangent to the fibre with order 2.

(2) DoF = 1: A singular point p of the branch locus (good cusp is excluded)
must be of following type. If a fibre has a singular point as follows, it can
have neither second singular points nor good cusps.

(a) pp(D1) = up(D2) =1 and the intersection number (D1Ds), is even.
D1, Dy are not tangent to the fibre.
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