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Abstract

For any strong smash product algebra A# , B of two algebras A and B with a bijective
morphism R mapping from B® A to A® B, we construct a cylindrical module AjB whose
diagonal cyclic module A,(AlB) is graphically proven to be isomorphic to Ce(A#,, B) the
cyclic module of the algebra. A spectral sequence is established to converge to the cyclic
homology of A#,B. Examples are provided to show how our results work. Particularly,
the cyclic homology of the Pareigis’ Hopf algebra is obtained in the way.
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Introduction

Calculating cyclic homology of the crossed product algebra is an attractive problem studied
extensively in cyclic homology theory. When G is a discrete group or a compact Lie group
and A is an algebra or a C'*° manifold acted by G, the cyclic homology of the crossed product
algebra A x G is considered by B.L. Feigin and B.L. Tsygan [8], J.L. Brylinski [6], V. Nistor
[20], and E. Getzler and J.D.S. Jones [9]. When A is an H-module algebra, where H is a Hopf
algebra with an invertible antipode, R. Akbarpour and M. Khalkhali [1] investigated the cyclic
homology of the crossed product algebra A x H. Their results generalize the work of Getzler
and Jones in [9].

In recent decades there have appeared many kinds of products of different types of algebras
in the research of Hopf algebras, for instance, the crossed product, or called (classical) smash
product, of a Hopf algebra and its module algebra, Takeuchi’s smash product [25] of a left
comodule algebra and a left module algebra where the action and the coaction are taken over
one Hopf algebra, the tensor product of two algebras in the natural sense or in a braided
tensor category, the (generalized) Drinfeld double, double crossproduct of Hopf algebras, etc.
These concepts are closely related with the factorization of an algebra into two subalgebras.
The algebra factorization is described by S. Majid [19], the generalized factorization problem
is stated by S. Caenepeel et al. [7]. A ‘generalized braiding’, which is quasitriangular and
normal, is associated closely with the algebra factorization. When it is a bijection, we call the
product algebra a strong smash product algebra.

In this paper, we generalize both works of Getzler and Jones [9], and of Akbarpour and
Khalkhali [1] to strong smash product algebras. Indeed, the crossed product algebras discussed
in [9] and [1] are special examples of the strong smash product algebras. We organize this
paper as follows. In Section 1, we give the explicit definition of the strong smash product
algebra A# ,B. In Section 2, we construct a cylindrical module A§B. Using diagrammatical
presentations we prove that Ae(AfB) the cyclic module related to the diagonal of AyB is
isomorphic to the cyclic module of A#,B. In Section 3, we recall some notations and apply
the generalized Eilenberg-Zilber theorem for cylindrical modules due to Getzler and Jones [9].



In Section 4, we construct a spectral sequence converging to the cyclic homology of A#,B.
In Section 5, we apply our theorems to Majid’s double crossproduct of Hopf algebras after
showing that they pertain to the class of strong smash product algebras. As any Drinfeld’s
quantum double has a double crossproduct structure (see [19]), the notion of strong smash
product algebras does cover a wild range of the recent interesting examples, for instance, the
two-parameter or multiparameter quantum groups, and the pointed Hopf algebras arising from
Nichols algebras of diagonal type (see [2, 3, 4, 5, 10, 12, 13, 14, 22| and references therein).
Besides these, another concrete example for the computation of the cyclic homology of the
Pareigis’ Hopf algebra P is given to illuminate our results.

We assume that k is a field containing QQ in the whole paper unless otherwise stated. Every
algebra in this paper is assumed to be a unital associative k-algebra.

1 Strong smash product algebra

Mayjid defined in his book [19] an algebra factorization. A unital and associative algebra X
factorizes through its subalgebras A and B, if the product map defines a linear isomorphism
A®B = X. The necessary and sufficient conditions for the existence of an algebra factorization
is the existence of a linear map R from B ® A to A ® B, which is quasitriangular and normal.
In |7], the algebra which can be factorized is called a smash product and denoted by A# ,B. In
addition, if R is also an isomorphism of vector spaces, we call A# B a strong smash product
algebra. The explicit definitions are as follows:

Definition 1.1. Let A and B be two algebras, and R: B® A — A® B be a linear map. R
is called quasitriangular if it obeys
Ro (m & Zd) = (Zd & m)ngRgg,
Ro (Zd & m) = (m ® id)RQgng,
where m is the product map, Rio = R ® td and Ro3 = id ® R.
R is called normal if it obeys
Rl®a)=a®1l, VacA,
Rb®1l)=1®0b, VbeB.

The smash product algebra of A and B with a quasitriangular and normal R, denoted by
A# B, is defined to be A ® B as a vector space equipped with product

(a®b)(d @V)=aR(bxd ), Ya,deA, bl eB.

The smash product algebra A# ,B defined above is a unital associative algebra with the
unit 14 ®1p. The product of A# , B appeared first in [27], where a sufficient condition is given
for the product to be associative.

Definition 1.2. The smash product algebra A# B is said to be strong, if R is invertible.

Proposition 1.3. A# B is a strong smash product algebra if and only if B#R_IA 1S a strong
smash product algebra.

Indeed, R is quasitriangular (resp. mormal) if and only if R™1 is quasitriangular (resp.
normal).



Proof. Since R is invertible with R™': A® B — B ® A, we have

R(mp ®id) = (id ® mp)Ri1aRa3, < (mp @ id)(R12Re3) ™t = R™(id ® mp),
& R (id®@mp) = (mp ® id) Ry Ryy,

R(id® ma) = (ma ® id)RozRi2, < (id @ ma)(Ra3R12) ™' = R (ma ®id),
& R Y ma®id) = (id @ ma) Ry Rys -

The normalization conditions are clear. O

It proves very convenient to do computations using diagrammatical presentations. Present

B A
the multiplication of an algebra by \/ and R from B® Ato A@ Bby >/ . Thus R™! can
: A B
A B
be presented by X . The quasitriangular conditions can be diagrammatically expressed
B A
as follows:
B B A B B A
\r
A \B A B
B A A B A A
\
N
AN \
A B A B

The concept of smash product algebra A4 ,B recovers the crossed product algebra (or
called classical smash product algebra) A x H and Takeuchi’s smash product algebra A#B
(defined in [25]) where H is a Hopf algebra, A is an H-module algebra and B is an H-comodule
algebra. The two subalgebras play different roles in A x H and A#B. One algebra produces
action on the other. However, in the strong smash product algebra A# ,B, the status of A
and B is equal. They act on each other. The strong smash product algebra A# B is a more
natural concept, as in physics the general principle is that every action has a ‘reaction’.

Many smash product algebras are strong smash product algebras.

Example 1.4. The tensor product of two algebras in a braided tensor category is a strong
smash product algebra. Here R is deduced directly from the braiding in that category, so R is
invertible.

Example 1.5. Let H be a Hopf algebra with an invertible antipode S. A is a left H-module
algebra and B is a left H-comodule algebra. Takeuchi’s smash product A#B is an algebra with
the multiplication (a#b)(a'#b') = a(bj_1j.a’)#bjyb’ and the unit 14 ®1p, where b — b_1) @b
is the left H-comodule structure map for a,a’ € A and b,/ € B. When B = H, A#B = AxH
is the crossed product algebra. Define R: B A — A® B by

Rb®a) = b[_l}.a & b[O}



One can check that R is quasitriangular and normal through the definition of the module
algebra and the comodule algebra. R has the inverse defined by

R~ a®b) = b @ 5™ (b_1))-a,

forallae A and b € B.

Hence, the crossed product algebras discussed in |9] and [1] are special examples of our
strong smash product algebras.

2 Paracyclic modules and cylindrical modules

2.1  From Getzler and Jones’ point of view, all the operators of a cyclic module can be gen-
erated by only two operators, i.e., the last face map and the extra degeneracy map. Hence we
can give an equivalent definition for cyclic modules. In this subsection, k£ can be a commutative
ring.

Definition 2.1. A cyclic module is a sequence of k-modules {C},},>0 which is endowed for
each n with two k-linear maps d,, : C,, — C,—1 and s_1 : C;, — Cpy1, such that d,s_1 is
invertible, and by setting

(1) tp i=dps_1:Cyp — Cyp,

d; = t;ﬁi_i)dntz—i :Cp — Chq, for0<i<n,

S; = tifls,lt;(i“) :Cp — Chy1, for 0<i<n,

(2)

for any i, 7 € N, the following relations hold

did; = dj_1d; fori < j,
5i8; = sj418; fori < j,
(3) sj—1d;  for i < j,
disj = qid fori=j,i=j+1,
sjdi—1 fori>j+1.
(4) "t — jd.

d;’s are called face maps and s;’s are called degeneracy maps for ¢ > 0, t is called the cyclic
operator. s_j is called the extra degemeracy map and d, : C,, — Cp_1 is called the last face
map for C,,.

Therefore, a cyclic module can be regarded as an underlying simplicial module {C, },>0,
whose face maps, degeneracy maps and cyclic operators are generated by the last face map d,

and the extra degeneracy map s_j for each C), in the way expressed in (1) and (2) satisfying
(3) and (4).

If the condition (4) is replaced by
(5) doty, = dpn, Sotp = t721+15n7

then that sequence of k-modules is called a paracyclic module. In fact, the equalities in (5) are
consequences of the cyclicity of the invertible operator ¢, that is, from (4), one can get (5).



For all n, set the following operators

b= Z )'di : Cr — Cpy,

T = tn'H :C, — C,

N = Zn:(—l)mti 1 Cp — Ch,

B=(14(-1)"t)s_i1N:C),, — Cpt1.
Lemma 2.2 (|9]). We have the equalities

bT =Tb, bB+Bb=1-T.

Getzler and Jones first introduced in [9] the concepts of the bi-paracyclic module and the
cylindrical module. We recall their definitions here.

Definition 2.3 ([9],[1]). A bi-paracyclic module is a sequence of k-modules
({Cm n}m n>07 m n’ 5?1771’ 7fm,na d’rjn,n’ ggn,n, fm,n)

such that ({Cpyn }mn>0,d; " n, :n n tm n) and ({Cm n }mn>o0, czm "5 _;n ™ tm.n) are two paracyclic
modules and the operators d tm n commute with the operators d n ;n " s tm.n. More-
over, if in addition, t%fﬁt%ﬁ% = zdm n for all m,n > 0, then this bi- paracychc module is called

a cylindrical module.

Another interesting concept named parachain complex was also given by Getzler and Jones
[9]. The mixed complex defined by Kassel [15] is a special case of parachain complexes. Here
we need only the mixed complex. The mized complex is, by definition, a graded k-module
(Mp,)nen endowed with two graded commutative differentials, one decreasing the degree and
the other increasing the degree. That is, (M,,b,B) with b : M;, — M,,_1 and B : M,, — M, 11
satisfies b2 = B2 = bB + Bb = 0. A morphism of mixed complexes (M,,b,B) to (M.,b,B)
is a sequence of morphisms fj : M,, — M/ 4o, for k> 0 such that f =3, uF fi, commutes
with b + uB. For a cyclic module (Cs,, d;, s;,t) associated with the operators b and B defined
in (6), (C,,b,B) is a mixed complex.

It is usually simpler to consider the complex with one differential than to consider the mixed
complex with two differentials. Actually, a mixed complex can be converted into a complex.
Let Vo be a non-negative graded k-module. Denote by V4[[u]] the graded k-modules of formal
power series in a variable u with coefficients in V,. Set the degree of u be —2. If V, is endowed
with a degree —1 endomorphism b and a degree 1 endomorphism B, then (V4, b, B) is a mixed
complex if and only if (V4[[u]],b + uB) is a complex with the differential b + uB. Here set

Vallu]] = 32550 Vagai!

2.2 Now we return to our strong smash product algebra.

The cyclic module Cq(A#,B) of an algebra A# B is defined as usual (see [17] etc). That
is, Cp(A#, B) = (A#,B)® ) for all n € N with

di(zo, ..., xn) = (Toy -« -, TiTig1, .-, Tn), 0<1<n,
( ) :(l’nCC(],...,ﬂfn_l),
( ) (xnux[)u o 7xn—1)a



sj(xo, ..., xn) = (xo,..., x5, 1, Tj41,...,2n), 0<j<m,

where xg, ..., z, € A#,B.

For A and B the subalgebras of A#,B, we introduce a cylindrical module denoted by
AhB which generalizes the cylindrical module constructed in the paper [9] by Getzler and
Jones where B is a group algebra and A is a B-module algebra, also generalizes the cylindrical
module constructed in the paper [1] by Akbarpour and Khalkhali where B is a Hopf algebra
with an invertible antipode and A is a B-module algebra.

For p,q € N, set AiB(p,q) = B®P+t) @ A®@+) endowed with the following operators
which are mainly defined on B’s side:
tp7q(b0, . ,bp ‘ ag, - - - ,aq) = fp+q+1’1(b0, e 7bp—17 @q<bp,a0, e ,aq)),
(7) df’q(bg,...,bp\ao,...,aq):(bg,...,bibiH,...,bp]ao,...,aq), 0 < <p,

Sf’q(bo,...,bp‘a,o,...,aq):(bo,...,bi,l,bi+1,...,bp’ao,...,aq), OSZSP,

and the following operators which are mainly defined on A’s side:

fnq(bg,...,bp|a0,...,aq) = (Fp(aq,bo,...,bp),ao,...,aq_l),
(8) d?’q(bg,...,bp\ao,...,aq):(bg,...,bp\ao,...,ajajﬂ,...,aq), 0< 7 <q,
§§’q(b0,...,bp|a0,...,aq):(bg,...,bp\ag,...,aj,l,aj+1,...,aq), 0< 5 <q,

where f~ is the flip map defined by

™ (eqy o Cmy Chy ey ) = (e Oy Cly e ),

O, is a composition of R’s defined by
@q = Rq+1’q+2 -+ RogR19: B® A®Wt) A®(Q+1) ® B,
and T, is a composition of R™s defined by

L= R;il,pw v 'R531Rf21 : A BEPHD) — Bt @ 4,

for a; € A and b; € B. Define the last face maps by db? = db'%, , and d&y? = d5'%%, .

We can simply write ¢, , = P41 o (id®P © ©,) and 1, , = (T, ® id®?) o fPT4TL1 Graph-

B A AB
ically, present the flip map between A ® B and B® A by X , its inverse is X} . The
AB B A
identity is denoted by . Then t, 4 and ¢, 4 can be presented by

0o 1 p-1 p 0 1 q

tpg =

The elements in A are drawn with thick lines and the elements in B are drawn with thin lines
in order to show differences.



Since RR™' = R™'R = id, we have

AN /

(1) >g<g o~
/ \
B A A B B A B A

Although R does not satisfy the braid relations, the flip maps always satisfy them and are
involutions. When the three crosses in one side of the braid relations consist of two flip maps
and one R or R™!, we still have the “braid” relations.

Lemma 2.4. fiofo3R1o = Rosfiofos, fiaRosfio = fozRiofas, Riofasfia = fosfiaRas, where f
denotes t51, i.e., the flip map of two elements. The graphical notations are

A AB B AB A B B A AB B A AB B A
AB A A AB B A AB B Boae A B AB

For R™', we have the same relations.

Proposition 2.5. (AyB,d;, si,t,Jj,Ej,t_) 1s a cylindrical module.

Proof. We check the commutativity of the barred operators and unbarred operators first. We
would like to use the graphical proof.

act (II) on
its crosses in
the upper right corner
- >

and the
lower left corner




the flip maps
are involutions
and obey
braid relations
—_—

(ii) For 0 < j < g,

flip map is
quasi-

triangular
_—

R is quasi-
triangular




_ 7P>4q
= tp,qdj

Similar proof holds for di*%t, , = t,, ,d?, for 0 <i < p.
The flip map and R*! are quasitriangular and normal, db? = d5t, , and dy? = dpy%,,,
so the other commutative equalities can be proved easily.

For the cylindrical condition, we use inductions on p and ¢q. For p = ¢ = 1, using the fourth
picture in the process of turning t, 4ty t0 tp gtp 4, We get

0 10 1 0 10

N N\

(751,151,1)2 = — —

[ 170 1 0 1 0 1

0 N \ \
0N o, _ i
\ | /

p+lyg+1l _
tpg tpg = idpg.

Suppose that tmH1Entl = d,, . for Vm < p and Vn < ¢, we need to prove
m,n “m,n ,
We have

o p-1 p
.

p+1l _

tp,q -




We can use bands in graphs to stand for parallel lines, that is, lines without any intersections
or crosses between themselves.

If we can draw the elements bg,...,b,—1 of B together by a grey band, and draw the
elements ag, ...,aq—1 of A together by a black band, then using the movements for the case
m = n = 1, we will get the proposition. We just give the equivalent moves for turning the
lines by and by in the graph of tﬁj}l to parallel lines, others can be done by similar moves. The
only intersections between by and b1 occur while doing the p-th and p + 1-th powers of ¢, 4. So
we concentrate on that part of graph.

flip maps’
braid
relations
—_—

Let A4(AfnB) be the diagonal of the cylindrical module AjB, i.e.,
A, (ApB) = AgB(n,n).

It is a cyclic module with face maps d; = d.""d,"", degeneracy maps s; = s;""5,"" and the

cyclic operator t, = t,, ntn.n.

Proposition 2.6. A,(AfB) is isomorphic to Ce(A#,B) as cyclic modules.
Proof. Define morphisms ®,, : AjB(n,n) — Cy(A#,B) by

® = Ropy12n+2(Ron—12nRon2nt1) - (R12R23 - - Ryg1n42),
and ¥,, : C,(A#,B) — AyB(n,n) by

_ p—1 —1 —1 —1p—1 —1
U= Rn+1,n+2(Rn,n+an+2,n+3 e (R12 R34 e R2n+1,2n+2)'

1 - 1 n




/ /
/
v- /
Note that R;Eﬂ_lRf}H = Rf;+1Rfi{Fl for [ —j| > 1. So ® and ¥ are inverses to each

other.

We need to prove that ® and ¥ are morphisms of cyclic modules. We only show that &
commutates with the cyclic operator and the face maps. It is similar for W.

Again using the fourth picture in the process of turning t, 4tp 4 to t, qlp.q, We get

0o 1 n-1 n 0 1 n-1 n 0o 1 n-1 n 0 1 n-1 n
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Since R and R~! are quasitriangular, for 0 < i < n,

3 Application of the generalized Eilenberg-Zilber theorem

Let ({Crmntmnz0,d; " 8" tmm, af’”,gf’",fm,n) be a cylindrical module. We can set as
in (6) the degree —1 endomorphism b (resp.b), the degree 1 endomorphism B (resp. B) and
the degree 0 endomorphism T (resp. T) associated with d;,s;,t (vesp. dj,5;,%). The total
parachain complex is a mixed complex. Explicitly, let C,, = @, +i=n Cij, b="> +b and
B =B + T B. Since C,, is a cylindrical module, TT =1, bB = —Bb and Bb = —bB. Then
by Lemma 2.2,

bB+Bb = (b+b)(B+TB)+ (B+TB)(b+b)
=bB+Bb+bB+Bb+T(Bb+bB)+T(bB+ Bb)

—1-T+T(1-T)=0,

(Ce, b, B) is a mixed complex.

The generalized FEilenberg-Zilber theorem for paracyclic modules was proved by Getzler
and Jones [9] using topological method, later it was reproved by Khalkhali and Rangipour [16]
using an algebraic method. The theorem tells us that, for a cylindrical module there exists
a quasi-isomorphism from its total mixed complex to its diagonal mixed complex. Due to
Proposition 2.6, we have:

Theorem 3.1. Let A# , B be a strong smash product algebra, AjB a cylindrical module defined
in (7) and (8). Then there exists a quasi-isomorphism of mized complexes Tote(AyB) and
Ce(A#,.B).

It was discovered by Getzler and Jones [9] that the Hochschild homology, the cyclic homol-
ogy, the negative cyclic homology and the periodic cyclic homology can be unified to be cyclic
homologies of a mixed complex with coefficients. Specifically, let M, be a mixed complex and
W be a graded k[u]-module, denote M,|[[u]] @) W by MeXW. Note that this tensor product
is a graded tensor product. Let (Cs, b, B) be the mixed complex associated to its cyclic module
structure. Co XMW is a complex with the differential (b + uB) ®pJy) tdw . Call the homology of
the complex Ce W the cyclic homology of the mized complex of Cy with coefficients in W and
denote it by HC.(C,; W). Then for W = k[u] (resp. k[u,u™1], k[u,u™']/uk[u] and k[u]/uk[u)])
HC,(Ce; W) = HC_ (C,) (resp. HP.(C,),HC,(Cs) and HH,(C,)). If C is the usual cyclic
module associated with an algebra A, then we simply denote HC,(Cq(A); W) by HC.(A4; W).

The first author would like to thank Professor Getzler for pointing out the flatness condition
concealed here, which turns out useful in the consequent arguments.
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Lemma 3.2. Let k be a field, V a k-vector space and u a variable. Then V|[u]] is a flat
k[u]-module.

Proof. Since k[u] is a principal ideal domain, a k[u]-module is flat if and only if it is torsion-free.
Clearly, V[[u]] is a torsion-free k[u]-module. O

Lemma 3.3. Let R be a ring, M a left R-module and P,, Qs bounded below complexes of flat
right R-modules. If Py and Qe are quasi-isomorphic, then

Proof. We know from 28| that, for bounded below complexes of flat right R-modules P, and

Q07
H,, (P ® M) = TorX(P,, M) and H,,(Qes ®r M) = Tor?(Q,, M)

for each n, where Tor is the hypertor. And we have spectral sequences converging to them,

that is,
E} (P) = TorX(Hy(Ps), M) = Tor)¥, ,(Pa, M),
Ep Q)

TorX (Hq(Qa), M) = Tor)}, ,(Qe, M).
E2 (P) = E2 (Q)forall p,q, as Hy(P,) = Hy(Q,). It yields that Tor[¥(P,, M) 2 Tork (Qe, M)
by using the mapping lemma for E* (see |28]). O

The above two lemmas still hold in the graded module category.

Corollary 3.4 (|9]). If there exists f : C — C' is a quasi-isomorphic of mized complezes, then
for any graded k[u]-module W, we have an isomorphism of cyclic homology groups

HC,(C; W) 2 HC(C'; W).

Using the generalized Eilenberg-Zilber theorem for paracyclic modules, we have

Corollary 3.5. Let A#,B be a strong smash product algebra, AjB be the cylindrical module
defined in (7) and (8). Then

HC,(A#,B; W) =2 HC,(A(AfB); W) = HC,(Tot(A§B); W).

The following corollary will be used in the next section.

Corollary 3.6. Let (€,0) be a complex of k-modules and W a graded k[u]-module. Then for
each n,

Hy (€[[u]] @) W) = Hn (€)[[u]] @pp) W-
Proof. Since €[[u]] is a complex of flat k[u]-modules,
H (€[[u]] @) W) = Torp (€[[u]], W).

Note that the differential of the complex €[[u]] does not depend on u. We have a spectral
sequence converging to the hypertor whose E?-term is

Torkle)(H,(¢)[[u]], ).
Because Hy(€)[[u]] is also a flat k[u]-module, the spectral sequence collapses. We get

Hy, (€[ [u] @) W) = Torkl(€[[u]], W) = Hy,(€)[[u]] @ppy W-

This completes the proof. O
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4 Cyclic homology of a strong smash product algebra

We can also construct a spectral sequence to calculate the cyclic homology of a strong smash
product algebra A# ,B. This is the same as calculating the cyclic homology of Tot(AfB). The
first column of the cylindrical module AfB plays an important role. Denote by Co( A”B) this
paracyclic module AgB(e,0).

Lemma 4.1. For each n € N, Cn(AhB) is an A-bimodule via the left A-module action
a.(bo, - .., bn | ag) = (id®™ ) @ m4) (Tn(a, bo, ..., bn) | ao)
and the right A-module action
(boy ... by |ag).a = (by,...,bn|aoa)

where Iy, is defined in Section 2, and ag,a € A,b; € B.

Proof. The right action is trivial. By Proposition 1.3, R~! is also quasitriangular and normal,
then the left A-module action is well-defined. And both actions are compatible. O

For each p € N, we can define a Hochschild complex (Co(A, Cp( Ah )),d), whose homology is

the Hochschild homology of the algebra A with coefficients in Cp(AuB) (see [17]). The Hochschild
complex is defined explicitly as follows: for any ¢ € N,

Cy(A,Cp(fB)) = Cp(1B) ® A1 = B2+ ¢ A @ A®Y,
the differential d : Cy(A, Cp(jB)) — Cy_1(4, Cp(AhB)) is

d(bo,...,bp|a0]al,...,aq): ((bo,...,bp\ao).al|a2,...,aq)
-1

£

(9) + (—l)i(bo,...,bp]ao\al,...,aiai+1,...,aq)

(]

1
—1)q(aq.(bo, ooy bp ’ ao) | at, ... ,aq_l).

—~~ =

+

Denote this Hochschild homology by He (A, Cp( AUB)).

Corollary 4.2. C.(A,C.(jB)) is a cylindrical module with the same operators defined for
ApB in (7) and (8).

Indeed, for each p,q € N,
Cy(A, Cy( iB)) = Cy( fB) ® A% = B2+ @ A @ A% = A4B(p,q).

Note that b of AfB is exactly the differential d defined in (9).

Define C’f‘(jB) as the co-invariant space of Co (XB) under the left and right actions of A
constructed in Lemma 4.1, i.e.,

Cfl(AhB) = C.(jB)/span{a.:z: —zala€Axe C.(AHB)}.

14



And we define the following operators on CZ( A”B):

Tu(bo, ... by |a) = 01 (bg, ...,

i (bo, - .. bn Do -+ bibisd, - .-
(10) (bo |a) = (bo +1

On(boy ..., bn|a) = 0o (bo, ..., by

oj(bo,...,bpla) = (bo,...,b5,1,...

Use the following notations as in [7], for R,

Rb®a) = a* @ bE, RysR12(b® a1 ®
and for R~1,

R Y a®b) =0 ©d", RyRR(a®b ©b)=b'@b2ca™", etc,

abn|a)7
a),
ybn | a),
(12)

bn 1,R(bn ® (l)),
for 0 <i < n,

for 0 < j <n.

1®a22®bR1 Ry

, etc,

where a,a1,a9 € A and b, b1, by € B. Then one can check that these operators in (10) are well

defined on the co-invariant space. For example,

T4l
7(a.(bo, ... ,by|ag)) = 7(by', 012, ..., byt | a™’ ao)
‘Tn+1
— (b;;n+1 ,bgl, b2, b | (a” ao)™)
Tn+1R1
(b”“rl bgl,qu,...,brn 1 ]a
= (R B e )
=al (le b0y bt [adt)
7((bo, .-, bn|ag).a) = 7(bg, ..., by |apa)
= (bR bo, e ,bn,1 | (aoa)R)
(le s bn—l ‘ aoRlaRQ)
(le b1 | aORl). a't2

Proposition 4.3. C’;“(AUB) is a cyclic module with operators defined in (10).

Proof. We only check that 7°*! = id. The other identities are similar to check.

coinvariant subspace, we have

T (b, ... by |a) = T (DE by, ..., bp_1 | a®)
R
= 7L B2 bE by, by o] afT?) =
R_.'Rn+1
AN N P )
R cRpga
R .
= (by™ .., 0 B ) aB
R cRpgr
. .
= g™ N (AN N L B )
= (bo, ... by |a).
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In fact, the above proposition is a special case of the following theorem.

Theorem 4.4. For any g € N, Hy(A, C.(AEB)) is a cyclic module with (d;, sj,t) induced from
operators of AyB defined in (7). Especially, we have

Ho(A, Co(4B)) = C(iB).

Proof. We need to check that, %! inducing on H, (A, Cy( AhB)) turns out to be identity. For

? n’q

any « € Hy (A, Cn(jB)), d(x) = 0, or equivalently, b(x) = 0,
(it —id)() = (135! — 0 5 @) = 15 (0~ B3 @)
—t"t1(b B+ Bb)(x) = b B (x) = 0 € Hy(A, Cu( [B)).

Since the barred operators commutate with the unbarred operators, all unbarred operators
(di, sj,t) are well-defined on Hgy(A, C’.(jB)) preserving the relations (3) and (5). O

Lemma 4.5. The homology group of the complex
= Cy( A, Co(fB))[u]] == Cym1(A, Cul(iB))[u]] = - -
is Hy(A, C.(AHB))HUH, for each q.

By Corollary 3.5, in order to calculate the cyclic homology of the strong smash algebra
A# , B with coeflicients in W, we can compute the cyclic homology of Tot(AfB) with coeffi-
cients in W, that is, the homology of the complex

(Tot(A4B) KW, (b + b + uB + uT B) ® id).
We define a filtration on Tot(AyB) & W by rows. Set
FP(Tot(ApB)RW) = > (BT @ AUyl @,y W, for p > 0;

i+j=n+2l,
i<p+2l,
1>0

and F}, (Tot(A3B) X W) =0, for p < 0.

The spectral sequence Ej , of this filtration with d" : £} , — EJ

o—r.q+r—1 Starts from

E;g,q _ Z(B®(p+2l+1) Q A®(q+1))ul ®k[u} W,
1>0
equipped with d° = b ® id : qu — Equfl.

Recall that Cyg(A, Ca(fB)[[u]] = 32, 150(BEPHHHD @ AS@+))y !
B, = Cy(A,Co(SB)) RIW.

So from Lemma 4.5 and Corollary 3.6, we get:

Lemma 4.6. The E'-term of the spectral sequence is
Bl =Hy(A,C(/B))RW,

equipped with d' : E;q — EzLLq that is induced by (b + uB) ® id.
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Theorem 4.7. The E*-term of the spectral sequence is identified with the cyclic homology of
the cyclic module H,q (A, C-(,LEB)) with coefficients in W. It converges to the cyclic homology
of the strong smash product algebra A# B with coefficients in W. That is,

B2, =HCy(Hy(4,Cu( {B)); W) = HCpu g (A, B; W),

In parallel, one can also consider the bottom row of the cylindrical module AgB. We just
state the process and indicate the differences here. We skip proofs which are similar as in
previous discussions.

Denote the paracyclic module AgB(0, ) by C’.(A%).
Lemma 4.8. For each n € N, Cn(A%) is a B-bimodule via the left B-module action
b.(bo | ag,-..,an) = (bbo|ag,...,an)
and the right B-module action
(bo | ao, . .., an).b = (mp @ id®*™ V) (by|©, (ay, . .., an,b)),
where ©y, is defined in Section 2, and a; € A, by, b € B.

For each ¢ € N, a Hochschild complex (Co(B, Cq(AljS)), J) can be defined, its homology is

the Hochschild homology of the algebra B with coefficients in Cq(A%). The Hochschild complex
is defined explicitly as follows: For any p € N,

Cp(B, Cy(AL)) = Cy(A%) ® B®? = B @ A%+ g B®P,
the differential & : C, (B, Cy(A%)) — Cp1(B, Cy(A%)) is
5(1)0|a0,...,aq\b1,...,bp) = ((bg|a0,...,aq).bl|b2,...,bp)
—1
(11) + pZ(—]_)Z(bo | ag, - - -, 0q | by, ... ,bibi+1, . ,bp)
=1
+ (=1)P(bp.(bo | a0, - .-, aq) | b1, ..., bp—1).

Denote this Hochschild homology by He (B, Cq(AljS)).
A difference occurs here, as the positions of A’s and B’s are changed.
Corollary 4.9. C.(B, C.(AUB)) is a cylindrical module, which is isomorphic to AyB.
Proof. We give the isomorphisms between C.(B,C.(A?B)) and AfB, then the bi-paracyclic
operators on Ce(B, C.(AhB)) are constructed from the operators on AgB through the isomor-

phisms. In this way, we get the corollary. We give the isomorphisms and the operators on
Ce(B, C.(AHB)) explicitly. For each p,q € N,

Gpq - Cp(B, Cy(A%)) — A3B(p,q)

Opq = (1P @ O, )(1d* PV @0 ®@id) - (id® 0, @id®P~V),

and

Upa : ALB(p,q) — Cp(B, Cy(AD))
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Upg = bpe = (id ® O, ® id®P~V)(id*? ® O, ® id*P~2)) ... (id*P ® ).

We can see that
0 =bo, b =dy.
Hence, the operators (d;, s;,t,d;, §;,%) on Cp(B, C’q(AuB)) are defined as follows:

dp,q _ wp qupyq(;qu’ ap»q _ 1/] g lgp7q¢pq;
(12) g ¢p+1,q5 “p.a» ‘/’pq+15 “Op.a»

pvq = ¢p7q p7q¢p7q’ tpvq - wp7q p7q¢p7q'

O]

Define C2 (A%) as the co-invariant space of C’.(AHB) under the left and right actions given
in Lemma 4.8, i.e.,

CE(A%) = Cu(A%) /span{b.z — 2.b | b € B,z € Co(A%)}.

And we define the following operators on CZ (A%):

' (blag,...,an) = (R~ (an®b),a0,...,an,1)

(13) di(blag,...,an) = (b|ag,...7aiai+1,...,an), for 0 <i < n,
ol (blao,...,a,) =t (blag,...,an),
a}(blao,...,an) (blag,...,a;,1,...,a,), for0<j<n.

Indeed, 7,, is induced by g, as ¥y, 4 = id and ¢, 4 = id when p is 0. One can check that these
operators are well defined on the co-invariant space.

Theorem 4.10. For any p € N, Hy(B,C, (Au )) is a cyclic module with (d;,8;,%T) induced
from operators of Ce(B,Ce (A )) defined in (12). Especially, we have

Ho(B, Ca(4})) = CF(4%)
is a cyclic module with operators defined in (13).
We define a filtration on Tot(AgB) K W by columns. Set

FY(Tot(AtB)RW) = Y (B @ AU+ )il @y W, for ¢ > 0;

i+j=n—+2l,
J<q+2l,
>0

and F! (Tot(AEB) W) = 0 for ¢ < 0.

The spectral sequence Egyp of this filtration with d : Eg — ET

g—rp+r—1 Starts from

Egp _ Z(B®(p+1) ® A®(q+2l+1))ul Dy W,
1>0

equipped with d° = b ® id : E’g,p — ESJ,A.
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Lemma 4.11. The E'-term of the spectral sequence is

Bl, =Hy(B,Cs(A%)) R W,

equipped with dl: E(;p — B!

a1, that is induced by (b+ uB) ® id.

Theorem 4.12. The E?-term of the spectral sequence is identified with the cyclic homology of
the cyclic module He (B,C.(AEB)) with coefficients in W. It converges to the cyclic homology
of the strong smash product algebra A# B with coefficients in W. That is,

E;, = HC, (Hp (B, Co(A})): W) = HCp (A, B; W).

By Proposition 1.1.13 of [17], we can use the derived functor Tor to express the Hochschild
homology of an algebra A with coefficients in M which is an A-bimodule, that is,

H, (A, M) = Tor’ (M, A),

where A° = A ® A°P. For a separable algebra that is projective over its enveloping algebra,
its homology with coefficients in any module is zero. Hence, the spectral sequence collapses at
E?, that is, Efm = 0 for all p, q unless ¢ = 0. So we have

Corollary 4.13. If the algebra A (resp. B) is separable, then there is a natural isomorphism
of cyclic homology groups

HC,(A#,B; W) = HC, (C{('B); W),
(resp., HCn(A#t,B;W) = HC, (CF(A%); W) ).

From the above results, one can observe that our theorems take advantage of good homo-
logical property of either of two subalgebras. Even in the case of the crossed product algebra
A x H, where H is a Hopf algebra with invertible antipode and A is an H-module algebra,
the “nice” homological property of A sometimes will play a key role in computing the cyclic
homology of the crossed product, by comparison with the homological property of H being
weak. We will illustrate this point by examples in the next section.

5 Examples

5.1 In this subsection, we apply our theorems to Majid’s double crossproduct of Hopf algebras
which is inspired by bismash product of groups defined by Takeuchi [26]. Bismash product
of groups is a generalization of semiproduct of groups. In order to define this product, he
provided the notion of a matched pair of groups. Given a matched pair of groups (G, K), the
bismash product of G and K denoted by G > K is still a group.

The theory is developed by Majid [18]. He defined a matched pair of Hopf algebras and
constructed a product Hopf algebra which he called a double crossproduct of Hopf algebras.
Using this new definition he provided another way to construct Drinfeld’s quantum double.
We start by recalling the definition due to Majid [18].

Definition 5.1 ([18]). A pair (B, H) of Hopf algebras is said to be matched if B is a left
H-module coalgebra via o, and H is a right B-module coalgebra via g3,

a:H®B—B, ah®b =h>b [:H®B-—H, p(heb =h<<b,
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such that the following equalities hold for V b,c € B,h,g € H.

(14) h > 1B = €H(h)1B, h > (bc) = Z (h(l) > b(1)> ((h(2) < b(Q)) > C)
(15) 1H b= 1H€B (b), (hg) b= Z (h < (g(l) > b(l))) (g(g) < b(g))
(16) Z h(l) < b(l)®h(2) > b(g) = h(2) < b(g) ® h(l) > b(l).

The double crossproduct B <t H is a Hopf algebra equipped with
(b®h)(c®g) ( ) P> ca ))®(h( )<]C(2))g
Ab® h) = bay ® by @ by @ hyz)
e(b®h) = e (bey (h)
Sb®@h)=(1®S,h)(Sb®1).

The double crossproduct of Hopf algebras relates closely to the smash product algebra.

Proposition 5.2. Let (B, H) be a matched pair of Hopf algebras. If H and B have invertible
antipodes, then the double crossproduct of B and H denoted by B <t H is a strong smash
product algebra. In particular, the group algebra of the bismash product of a matched pair of
groups is a strong smash product algebra.

We need the following lemma in the proof of Proposition 5.2.

Lemma 5.3. Let (B, H) be a matched pair of Hopf algebras. If both H and B have invertible
antipodes, then we have the following identities:

(17) SEH(h>b) = (h<bg) > S5 (b)),
(18) Sy (h<ab) = Si' (k@) < (hay > b).
Proof. Since (B,n,m,A,e,,S,) is a Hopf algebra, then (BOpm,mOp,A,sB,Sgl) is also a
Hopf algebra. Denote the convolution map on Hom(B°, B°) by #'. Define the operator

T € Endg(H > B) by
T(ht>b) := (h Qb)) > Sz (b))

We should check that
(id*" T)(h>b) =ep(h>b)lp and (T * id)(h>b) =ep(h>b)lp
Actually, we only need to check the first equality. Indeed, if it holds, then

T(h>b) = (e ¥ T)(h>b) = (Sg* " id) ¥ T)(h > b)
= (Sz'# (id+' T))(h>b) = (S5' ¥ ep)(h > b) = S5 (h > b).

From (14) and (16), we have

(id *' T h > b (h(Q) > b ) h(l) > b(l))
=

hez) = b)) (b Qb)) > Sg' (b))
= (hq1) > b)) ((hez) < bz) > S5 (b))
:hD(b(Q) gl(b(l))) —€B(b) DIB —6H(h) (b)lB
= EB(h > b)lB.
Using the same method, we can prove (18). O
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Proof of Proposition 5.2. We need to construct an isomorphism R from H® B to B® H, which
is quasitriangular and normal. For b € B,h € H, set

R(h@b) = hqy > bay ® hy < be).
1) R is quasitriangular: V h,g € H,b € B,
(id @ m)RiaRog(h @ g @ b) = > (id ® m)Riz (h @ gy > b1y @ g2y < b))
= hqy > (90) > b))y © (h@) < (9 > b(l))@)) <9<2> < b(2>>
= ha) > (90) > b)) © (’%2) <912 > b<2>)) (9<3> < b(s))

= (hayg) & by @ (hz)g(2)) <ba) = R(hg @ b).

The third equality holds due to the H-module coalgebra structure of B, the forth equality
holds because of (15). Similarly, one can prove that Ro (id ® m) = (m ® id)Ra3 R12.

2) Risnormal: V h € H,
R(h® 13) = Zh(l) > 1B X h(g) < 1B = €(h(1))1B ®h(2) = 1B Q h.

Similarly, one can prove that R(1, ® b) =b® 1,,.
3) R is invertible: ForVbe Bihe€ H,set r: B H— H® B

r(b®h) = h(g) < (Sﬁl(h(g)) > Sgl(b(g))) & (S;Il (h(l)) < Sgl(b(z))) > b(1)~

We claim that r is the inverse of R.

The third and the forth equalities above are due to the B-module coalgebra structure of H
and the H-module coalgebra structure of B. The fifth equality is due to (16). The sixth and
the last equalities hold because of (14) and (15).

roR(h@b) =r(>_ hay>ba) @ hz) <bw)
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= (hzy 9 b)) < (7" ((he) T b@) @) & 55" (A ))

® (Sa' ((he) <)) < S5 ( () &by ) > ( e
— o) <) (S (hes) < b)) & ) B> b)) )

@ (S5 (hay Qb)) <S5 (b & b(2>>)h<1> > ba

= o) 2 bie) (S (hes) < bisy) > S5 (hay & b))

® (7' (hs < b)) < S5 (he) & b)) ity B by

S (his) <) (hes) <) > S5 (b))

< (his) & b)) S5 (hia) & b)) ) hary B by

= h3) QbS5 (b)) @ S (h2))ha) > b
—h&b.

The fifth equality above holds because of (17) and (18).

For (G, K) a matched pair of groups, since k[G > K| = k[G] > k[K], it is a strong smash
product algebra. O

Therefore, thanks to Theorems 4.7 and 4.12, we have

Corollary 5.4. Given a matched pair of Hopf algebra (B, H), if each of B and H has an
invertible antipode, then

HC, (Hy (B, Ca( SH)); W) = HC,piy(B o H; W),
HC, (Hy (H, Co(B}y)); W) = HCyy(B o H; W).

For a finite group G and an arbitrary G-bimodule M, since k[G] is semisimple, Hy, (k[G], M)
is 0 for all n except for n = 0. Then by the above corollary, Theorems 4.4 and 4.10, we have

Corollary 5.5. Given a matched pair of finite groups (G, K), then

HC,,(k[G 1 K]; W) 2 HC, (CE(SK): W),
HC, (k[G 1 KJ; W) = HC,,(CK (GY); W),

If H is a finite dimensional Hopf algebra, then the antipode of H is always invertible
(see, Corollary 5.6.1 of [23]). Using the adjoint action of H on itself, Majid in Example 4.6
of [18] constructed a matched pair (H, H**°P) and deduced the Drinfeld’s quantum double
D(H) = H*°P pq H. By Corollaries 5.4 and 5.5, we have

Corollary 5.6. If H is a finite dimensional Hopf algebra, then
HC, (Hp(H, Co(H™P 1)) W) = HCpyo(D(H); W).
If moreover, H is semisimple (equivalently, there is an integral t € H with £(t) = 1), then

HC,,(D(H); W) = HC,, (CH (H** 2); W),
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Remark 5.7. Actually, any Drinfeld’s quantum double turns out to be of Majid’s double
crossproduct structure (see [19]), while the recently appeared attractive objects, such as the
two-parameter or the multiparameter (restricted) quantum (affine) groups, the pointed Hopf
algebras arising from Nichols algebras of diagonal type (cf. [4, 5, 12, 13, 14, 22, 2, 3, 10] and
references therein), are of Drinfeld’s double structures (under certain conditions for the root
of unity cases). Thereby, our machinery established for the strong smash product algebras is
indeed suitable to a large class of many interesting Hopf algebras.

5.2 The following first example comes from the rank 1 case (modified) of the smash product
algebra @7, # %, introduced in [11] (p.525, subsection 3.5), which was used to define intrinsically
and construct a quantum Weyl algebra W,(2n). Although our example here is still a crossed
product algebra, Proposition 5.3 in [1], under the assumption of the Hopf algebra H being
semisimple (so automatically finite dimensional), does not work for our example.

Example 5.8. Let ¢ € k be an N-th primitive root of unity. Define &7 to be k[x]/(z™¥ —1)
which is isomorphic to the group algebra k[Z/NZ]. Define 2 to be the associative k-algebra
generated by 9, ot subject to relation 0100 = ¢d. 2 is a Hopf algebra with the coproduct,
counit, and antipode defined as follows:

AQ)=0®1+0®0, Alc)=0c®0, €(0)=0, &(o)=1,

S(0)=—-0"19, S(o)=0c""1.

The antipode of Z is invertible, as S? = id. One can calculate that S71(9) = —9o~! and
S™(o)=0"1 Let (n)g=14+¢q+---+¢" ! for 0 <n e N. Then (N), = 0.

Lemma 5.9. ([11]) & is a Z-module algebra via 0.1 =0, 0.1 =1, and for n > 0,

d.2" = (n)y2" ', o.a" = q"a".
Proof. We should first check that &7 is a Z-module. Indeed, if n > 0,

(07100). 2" = g(n) 2" = 0. 2",

.2V =(N)yaV 1=0=0.1, and 0.2" = ¢Va = 1.
From direct calculation, we get
(0. 2927 + (0.2 (0. 27) = (i+))g "1 = 9. (a'27).

This completes the proof. ]

As we stated in Example 1.5, the crossed product & X Z is a strong smash product algebra,
since 2 is a Hopf algebra with invertible antipode. For example, R(d ® 2") = (n),z" ' ® 1+
""" ® 0, R(c®a") =q¢"2" ®o and R} (2" ® 9) = ¢ "0 ® 2" — ¢ "(n)y ® 2" ! for n > 0.

Since 27 is a group algebra of a finite group, then it is a semisimple Hopf algebra, so the
spectral sequence collapses and we have

Corollary 5.10.
HC, (o x ;W) = HC, (CZ (L 2);W).
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Example 5.11. Let 2y be the quotient algebra of & by the ideal (0"V). As (9V) is a Hopf
ideal (owing to A(9°) =>"7 (?)q dl* ' ®0" and A(ON) =N @1+ ®0V), Dy is a Hopf
algebra. In particular, when N = 2, %, is nothing but the Pareigis’ Hopf algebra P (see [21]
or the next subsection for definition).

_ Furthermore, consider the quotient Hopf algebra Pn of Dy by the Hopf ideal (oV—1).
Py is just the Taft algebra. Cyclic homology of the Taft algebra as a special truncated quiver
algebra is computed by Taillefer [24].

5.3 This subsection is devoted to effectively computing the cyclic homology of the Pareigis’
Hopf algebra P using our theory.

In [21], Pareigis defined a noncommutative and noncocommutative Hopf algebra P, which
links closely the category of complexes and the category of comodules over P. That is, the
category of complexes is equivalent as a tensor category to the category of comodules over P.
Explicitly, P is defined to be the quotient algebra of the free algebra k(s,t,t~!) by the two
sided ideal that is generated by

=1, t71—1, §%, st+ts.
Then P turns out to be a Hopf algebra with the following coproduct, counit and antipode,

Alt)=t®t, =(t)

=1, S(t)=t1
As)=s®1+t'®s, e(s)=0,

S(s) = st.

P can be regarded as the crossed product algebra of k[s]/s? and k[t,t~!], where k[s]/s? is a
module algebra over k[t,t~!] with the conjugate action t.s = tst~! = —s. Denote by D the
algebra of dual number k[s]/s%, and by T the Laurent polynomial ring k[t,¢~1].

P=2DxT.

P is a strong smash product algebra D# ,T with the invertible R : T ® D — D ® T defined
to be
Rt"®s)=(—-1)"(s®t").

Let W = Ek[u]/uk[u]. We would like to calculate the Hochschild homology of P first.
Consider the cyclic module E; , = H, (D,C’.(DUT)) = Tor{?e (D,C.(DHT)). Its face maps,
degeneracy maps, and cyclic operators are induced by the corresponding operators defined in
(7) for the cylindrical module DiT (e, q).

Using the following resolution of D by projective D-modules (see e.g., [28])

Ry: -+ —>Dpe—t=pe—Y>pe—spe—sp 0,

where t =1®s—-—s®1,r=1® s+ s® 1, m is the product of D, we get

Tor) 21 TSP @s  forg=0
Hy (D, Cp(p,'T)) 2 TSP @16 TEP M gs forg=2n—1>0,
TSZ(HI)@l@TS@H)@s forq=2n>0

where
TEPHD = p{(#™0, ..., #"7) | 7o + - - - + 1, is even},

Tg(pﬂ) =k{(t",...,t"") | ro+ - -+ 1y is odd}.
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In order to specify the operators of the cyclic module H, (D, Co D”T )), we should represent

the elements of H, (D,C.(DHT)) by elements of DT (e,q). According to the Comparison
Theorem, there is a unique chain map lifting idp from the resolution R, to the bar resolution
of D up to chain homotopy equivalence. This required chain map (, is defined as follows,

v 2 v 12 m

De D¢ D¢ D¢ D 0
l(a i(z \LQ lCo lz’d
s pes P pet o pes P pe2 Mo p o

where ¢, : D¢ — D®("+2) and

CO = Zda
Cals®5) =" (1ol =-10s""®1,
Gles)=(-1)"® S®(n+1)7 Co(s®1) = (_1)n8®(n+1) 1.
Hence,
T@e+) ¢ 1@ T2PH) ¢ o for ¢ = 0
E;ﬁq =H,y(D, C’p(DhT)) ~ 7R+ o g ®(2n-1) g Tj?l(pﬂ) ©5%2"  forg=2n—1>0.
TE(Z)H) ®1® s @ Tg(pﬂ) ® 5@+ for g =2n >0

The cyclic operator 7 on Hy(D, Cp(DhT)) is defined via

(0, | s s, s) = (=) e g g1 | g s, s), where [ =0, 1.
—— ——
n times n times

We can describe the cyclic modules E,17q simply. Let Co(T") be the cyclic module of the
algebra T'. Since the face maps, degeneracy maps, and the cyclic operators of Ce(7T') do not
change the total degree of t, Co(T") can be decomposed into the direct sum of two sub-cyclic
modules Co(T")ey and Co(T")oq With Cp(T) ey = T5PH) and Cp(T)oa = Tsz(ml). Let CL(T)ey
be the cyclic module with CJ(T)e, = 75 and the operators

T(ET0 4T, L) = (= 1) (T AT ),
O;(t70 "t = (0, LT ) for 0 <0 <,
O (E70, 47 L) = (=1) (#7071,

o (0t ot = (7, T L ), for 0 < < n,

where rg + - -+ + 1, is an even integer.

Corollary 5.12. E.{O is identified with Co(T) ® Cy(T)ev as cyclic modules; for n > 0, E}n is
identified with Ce(T)oq ® Co(T)ev as cyclic modules.

Lemma 5.13. The Hochschild homology of (CL(T)ey, 0) is 0.

Proof. Indeed, we can construct a chain contraction {h, : C,(T)ey — C} 1(T)ev} of the
identity chain map. That is,

B (870,871 ) =

N | —

D (=L EOT AT T AT,
i=0
We can check directly that Oh,, + hy,—10 = id. Hence H,,(CL(T)ey, d) = 0, for all n > 0. O
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T forn=0,1
0 forn>2

T, fi =0,1
and HH,,(T)oq & { od IOET =T, , we obtain that

Since HH,,(T") & { 0 for n > 2

2 .
E2, =0Yp#0,1;

E§o=FE{,=T and Ej,=FE;, =T, forq>0.
So the spectral sequence collapses at E?, and HH,,(P) = D, g=n E£7q.
Corollary 5.14. The Hochschild homology of P is

T forn=20
HH, (P) 2T & Ty form=1.
Tog®Toq formn>1

The cyclic homology of T' is well-known (see e.g., p.337 in [28])

T forn=0
ko forn>0

Thanks to the short exact sequences 0 — HC,,_1(P) — HH,(P) — HC ( ) — 0 (see e.g., [17]
Theorem 4.1.13), where HH,,(P) := HH,,(P)/HH,(T) and HC,(P) := HC,(P)/HC,(T), we
get the cyclic homology of P.

Proposition 5.15.
T formn=20

HC,(P) = .
(P) {Tod@k forn >0

Remark 5.16. The Laurent polynomial ring 7" is isomorphic to the group algebra k[Z]. If
making use of the results of [9], one can construct another spectral sequence ET with EQ =0
for Vg # 0,1, converging to the cyclic homology of P. In this way, it remalns to determlne
d?: E? 12,0 E 1 to achieve E3. Since this spectral sequence collapses at E3 one then does
more.

Acknowledgements. The authors are supported in part by the NNSF (Grants: 10971065,
10728102), the PCSIRT and the RFDP from the MOE, the National and Shanghai Leading
Academic Discipline Projects (Project Number: B407). The first author would like to express
her gratitude to Professor Ezra Getzler for pointing out the flatness condition. She is indebted
to her advisor Professor Marc Rosso for his kind help. The authors also would like to thank
Professor Joachim Cuntz for his useful comments and encouragement.

References

[1] R. Akbarpour and M. Khalkhali, Hopf algebra equivariant cyclic homology and cyclic
homology of crossed product algebras, J. reine angew. Math. 559 (2003), 137-152.

[2] N. Andruskiewitsch, D. Raford and H. Schneider, Complete reducibility theorems for mod-
ules over pointed Hopf algebras, arXiv:1001.3177v1.

[3] N. Andruskiewitsch and H. Schneider, Pointed Hopf algebras, New directions in Hopf
algebras, 1-68, Math. Sci. Res. Inst. Publ. 43, Cambridge Univ. Press, Cambridge, 2002.

26



4]

[5]

[6]

17l

18]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]
[20]

[21]

[22]

G. Benkart and S. Witherspoon, Two-parameter quantum groups (of type A) and Drinfel’d
doubles, Algebr. Represent. Theory 7 (2004), 261-286.

N. Bergeron, Y. Gao and N. Hu, Drinfel’d doubles and Lusztig’s symmetries of two-
parameter quantum groups, J. Algebra 301 (2006), 378-405.

J. L. Brylinski, Cyclic homology and equivariant theories, Ann. Inst. Fourier. 37 (1987),
15-28.

S. Caenepeel, I. Bogdan, G. Militaru and S. Zhu, The factorization problem and the smash
biproduct of algebras and coalgebras, Algebr. Represent. Theory, 3 (2000), 19-42.

B. L. Feigin and B. L. Tsygan, Additive K-theory, K-Theory, Arithmetic and Geometry,
Lect. Notes Math. 1289 (1986), 67-209.

E. Getzler and J. D. S. Jones, The cyclic homology of crossed product algebras, J. reine
angew. Math. 445 (1993), 163-174.

1. Heckenberger, Lusztig isomorphisms for Drinfel’d doubles of bosonizations of Nichols
algebras of diagonal type, J. Algebra 323 (8) (2010), 2130-2182.

N. Hu, Quantum divided power algebra, g-derivatives, and some new quantum groups, J.
Algebra 232 (2000), 507-540.

N. Hu and Y. Pei, Notes on two-parameter quantum groups, (I), Sci. in China, Ser. A. 51
(6) (2008), 1101-1110. (arXiv.math.QA /0702298).

N. Hu, M. Rosso and H. Zhang, Two-parameter quantum affine algebra Um(s/[;), Drinfel’d
realization and quantum affine Lyndon basis, Comm. Math. Phys. 278 (2008), 453-486.

N. Hu and X. Wang, Convex PBW-type Lyndon bases and restricted two-parameter quan-
tum groups of type B, J. Geom. Phys. 60 (2010), 430-453.

C. Kassel, Cyclic homology, comodules, and mized complexes, J. Algebra 107 (1987),
195-216.

M. Khalkhali, B. Rangipour, On the generalized cyclic Filenberg-Zilber theorem, Canad.
Math. Bull. 47 (2004), 38-48.

J. L. Loday, Cyclic Homology, Grundlehren der Mathematischen Wissenschaften, 301,
Springer-Verlag, Berlin, 1998.

S. Majid, Physics for algebraists: noncommutative and noncocommutative Hopf algebras
by a bicrossproduct construction, J. Algebra 130 (1990), 17-64.

S. Majid, Foundations of Quantum Group Theory, Cambridge University Press, 1995.

V. Nistor, Group homology and the cyclic homology of crossed products, Invent. Math. 99
(1989), 411-424.

B. Pareigis, A noncommutative noncocommutative Hopf algebra in “nature”, J. Algebra
70 (1981), 356-374.

Y. Pei, N. Hu and M. Rosso, Multiparameter quantum groups and quantum shuffles, (I),
in Quantum Affine Algebras, Extended Affine Lie Algebras, and Their Applications, Con-
temp. Math., 506, Amer. Math. Soc., 2010, pp. 145-171. arXiv:0811.0129.

27



[23] M.E. Sweedler, Hopf Algebras, Mathematics Lecture Note Series, W. A. Benjamin, Inc.,
New York, 1969.

[24] R. Taillefer, Cyclic Homology of Hopf Algebras, K-Theory 24 (2001), 69-85.
[25] M. Takeuchi, Exteq(SpR,v™) = Br(A/k), J. Algebra 67 (1980), 436-475.

[26] M. Takeuchi, Matched pairs of groups and bismash products of Hopf algebras, Comm.
Algebra 9 (1981), 841-882.

[27] A.van Daele and S. van Keer, The Yang-Baxter and pentagon equation, Compositio Math.
91 (1994), 201-221.

[28] C. Weibel, An Introduction to Homological Algebra, Cambridge Studies in Advanced Math-
ematics, 38, Cambridge University Press, Cambridge, 1994.

Jiao ZHANG
DEPARTMENT OF MATHEMATICS, EAST CHINA NORMAL UNIVERSITY,
500 DoNGCHUAN RoaDp, MiN HANG, 200241, SHANGHAIL, P. R. CHINA.
&
INSTITUT DE MATHEMATIQUES DE JUSSIEU, UNIVERSITE PARIS DIDEROT—PARIS VII,
175 RUE bDu CHEVALERET, 75013, PARIS, FRANCE.
E-MAIL: zhangjiao@math.jussieu.fr

NamHoNG HU
DEPARTMENT OF MATHEMATICS, EAST CHINA NORMAL UNIVERSITY,
500 DONGCHUAN RoaD, MIN HANG, 200241, SHANGHAI, P. R. CHINA.
E-MAIL: nhhu@math.ecnu.edu.cn

28



