Triple covers on smooth algebraic varieties
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Abstract

It is well known that any triple cover can be constructed by a minimal
cubic equation. Based on this fact, we compute the normalization,
the rank two trace-free sheaf, the branch locus and the singular locus
of a triple cover. We give also a canonical resolution of the singu-
larities of a triple cover surface, which provides us the formulas to
compute the global invariants. The classical criterion for cubic exten-
sions to be Galois is presented for triple covers. Finally, we establish
a relationship between Miranda’s triple cover data and the minimal
cubic equations.

Introduction

Double covers are well understood and play an important role in the classifica-
tion problem of algebraic surfaces (see [3] and [7]). Recently, many authors started
to establish a similar theory for triple covers ([8], [4], [1], [2], [10], [18], [19]).
However, such an investigation becomes much harder, for here one has to deal with
the very difficult non-Galois situation.

Recall that a triple cover m : Y — X is a surjective finite morphism of degree 3
between two varieties X and Y over an algebraically closed field k. Generally, one
can always assume that X is smooth and H(X,Ox) = k.

In fact, the study of finite covers of degree n in algebraic geometry is essen-
tially equivalent to solving algebraic equations of degree n over commutative rings.
Therefore, the classical method of solving algebraic equations should provide us an
effective way to deal with finite covers.

The purpose of the present paper is to introduce the classical method of solv-
ing cubic equations to the study of triple covers. Then we can easily resolve the
singularities of a triple cover, and compute its branch locus as well as its numerical
invariants. Our method is based on the computation of the normalization of a cubic
extension over a Noetherian unique factorization ring ([13]).

Our first step is to give good construction data. Namely, we prove that every
triple cover can be constructed by a (minimal) cubic equation from which we can
see clearly the branch locus. On a smooth algebraic variety, we know that, up
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to tensoring a non zero constant, a non zero global section a of a line bundle is
determined uniquely by its divisor A. Thus we can factorize a as the product of
prime sections whose divisors are reduced and irreducible. Then for any triple
cover w: Y — X, there is a line bundle L on X and two global sections alagblao
and aja3b?by of L? and L3, respectively, such that Y is the normalization of the
subvariety of L defined by

23+ aja3biagz + a1a3biby = 0,
where aq, as and b; are square-free and coprime. Moreover
a:=4dajajay and b:=27bb3

are also coprime. Since Y is irreducible, the constant term and b are non zero. For a
non-Galois triple cover, the coefficient of z is also non zero, and thus a # 0. In fact,
L can be the dual of any maximal invertible subsheaf of the trace free sheaf of 7.
Conversely, it is obvious that for any coprime pair (a, b) of sections of a line bundle,
we can uniquely construct such a cubic equation by using the factors of a and b
according to the above formulas. In fact, up to equivalence, this correspondence is
one to one. Thus (a,b) can also be viewed as the data of .

If ¢ = a + b has a factorization ¢ = c¢1¢Z such that ¢; is square-free, then the
branch locus of 7 is defined by

atasbic; =0

and the divisor of ajas (resp. bicy) is the branch locus over which 7 is totally
(resp. simply) ramified. Furthermore, the divisor of b1¢; is always even. Note that
in number theory by c; is called the fundamental discriminant of the cubic extension
(triple cover).

In Sect. 2, we show that a ramified triple cover is Galois if and only if it is
totally ramified over its branch locus, i.e., by and ¢; are non zero constants. Thus
any non-Galois triple cover will become Galois under the canonical base change
of degree 2 over X branched along the divisor of byc; (Corollary 2.3). Based on
Miranda’s [8] local computation on the locus over which Y is singular, we shall
compute in Sect. 3 this locus directly from the global data ai, as, by and ¢;. In
Sect. 5, we are focus on computing the codimension two locus over which 7 is totally
ramified. In Sect. 4, we shall give a very simple method to resolve the singularities
of the triple cover surface Y over a smooth surface X. In this case, Y has only
a finite number of singular points. Because for the Galois case, the resolution is
well-known (see Sect. 1.4 or [1], [11]), we can assume that (a,b) is the data of .
Let 0 : X7 — X be the blowing-up of X at a singular point of the reduced branch
locus defined by ajasbicy = 0, let

Mo Ty obh
ged(o*a, o*b)’ ged(o*a, o*b)’

Then we get new triple cover data (a(*),b(1)) on X;. We can prove that after a
finite number of such blowing-ups, the induced new triple cover data (a(k), b(k)) on
X admits a smooth branch locus, hence its triple cover surface Y} is smooth. Y
is a resolution of Y. This process can be done without noting the triple cover. In
fact, what we need to know is the graphs of the curves of a, b and ¢ = a4+ b. Hence
any triple cover is birationally equivalent to a smooth triple cover with a smooth
branch locus. This is not the case for covers of degree at least 4.
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Due to this resolution, we give in Sect. 6 the computation formulas of the
invariants of the resolution surface Y} in terms of the data (a,b).

The result of this paper has been applied to give a characterization of the
branch curve of a generic triple cover 7 : Y — P? ([14] and [17]), which is a
classical problem. As another application, we showed that any rank two vector
bundle on an algebraic surface can be constructed uniquely by a curve with cusps.
In a later paper, we shall describe the relations between Hilbert’s algebraic invariant
theory and triple covers.

The author would like to thank Prof. De-Qi Zhang for pointing out that there
is a non-Galois unramified triple cover (see Theorem 2.1).

1. Basic properties of triple covers

1.1. Construction of triple covers. Let X be a smooth algebraic variety
defined over k, and let 7 : Y — X be a normal triple cover. We always assume that
chark # 2,3 and HY(X,Ox) = k, i.e., the regular functions on X are constants.

Throughout this paper, we use little letters (a, b, c, ..., d, ...) to denote the global
regular sections of invertible sheaves on X, and use capital letters (A, B, C, ..., A, ...)
to denote the divisors of the corresponding sections. A section p is called a prime
if its divisor P is a reduced and irreducible divisor. So we can talk about the
factorization of sections. We denote by a, the highest power of p in a, and by
[n/m] the maximal integer < n/m.

Definition 1.1. A pair of sections (s,t) are called triple cover data if t # 0
and there exists an invertible sheaf £ such that s and ¢ are global sections of £
and L2 respectively. If s = 0, then (¢, £) is called Galois triple cover data. (s,t) is
said to be minimal if there is no reduced and irreducible divisor P in X such that
up(S) > 2 and pp(T) > 3, where pup(S) and pp(T) denote the multiplicities of P
in S and T respectively.

Now we recall the well known construction of triple covers of a variety X.

Let (s,t, £) be as in Definition 1.1. Denote by V(L) = Spec S(£) the associated
line bundle of £, where S(L£) is the symmetric O x-algebra of L. Let z be the global
coordinate in the fibers of V(£). Then z is a global section of p*£L, where p is the
bundle projection of V(£). Thus we obtain a polynomial section of p*L£3

p(z) =23 + sz +1,

where s and ¢ are viewed as sections of p*£2 and p* L3 respectively. Then the zero
set of p(z) defines a subscheme 3 of V/(L£). Let Y be the normalization of ¥. Then
the composition of the normalization with the bundle projection defines a finite
morphism f :Y — X of degree 3. f will be called the triple cover determined by
(s,t).

In the above construction, we do not need to assume that (s,t) is minimal (or
equivalently, the three sections (a,b,c) do not need to be coprime (see Sect. 1.2)).
In fact, if A is a non-zero global section, then the data (A\%s, A\3t) and (s,t) determine
the same triple cover (cf. [13]).

We always assume that Y is integral, i.e., p(z) is irreducible over the function
field K(X) of X.

In Sect. 7 we shall prove that every triple cover 7 : Y — X can be constructed
by this method.
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1.2. Equivalent triple cover data and j-invariant. If s = 0, then the
triple cover determined by (s,t) is Galois, everything is known (see Sect. 1.4, or [8],
[11], [12]). When s # 0, (s, 1) is triple cover data if and only if

35S = 2T,
where = is the linear equivalence of divisors. Two minimal pairs (s',¢') and (s,t)
are said to be equivalent if there is a global section A\g without zeros such that
s' = Msand ¢’ = A3t. Note that if H%(X, Ox) = k, then )¢ is a non-zero constant.
Proposition 1.2. The map ®(s,t) = (a,b,c) defined by
1) 4% 27t 4s® 4 27t*
= = C—= ———F—C
ged(5,7) " ged(s ) 7 ged(s5, )
gives a one-to-one correspondence between the following two sets (up to equivalence):
Minimal triple cover data ® Coprime triples (a,b, c) with
. —
(s,t) with s #0 a+b=c ’

where a, b and c are three non-zero sections of an invertible sheaf. Two such triples
(@', b,c) and (a,b,c) are said to be equivalent if there is a global section Ao without
zeros such that a' = Mga, b = \ob and ¢’ = \gc.

Proof. For a given (s,t) (not necessarily minimal), we define

gp = 38p — 2tp, Ap = min{ {%’} , {té)} } .

Let A =], p*», and let

(2) ay = H p, az = H p, bi= H p, &= H p-

€p>0 ep>0 ep<0 ep=0
ep=1(3) ep=2(3) ep=1(2) 0p=1(2)

(Note that we always let ] 1.) Then we have the factorizations

pEempty set P —
(3) s = a1biad *ag, t=a1b7ai\3by, (ag,by) = 1.
Let

§ =45 +271% = a2b3a3)\®(4ara3ad + 2701 b3).
By definition, we have
(4) 4a1a§ag + 27b1b§ = ¢100°
where cohas the following factorization (up to a unit),
(5) co= [] p'*) "

ep=0

Hence
(6) a = 4araiay, b=2Tb1b3, c= cico’.

Hence (a, b, ¢) are coprime sections satisfying a + b = c.
Conversely, for a given coprime triple (a,b,c) with a + b = ¢, we define

(7) = I » aa= I » u= [ »» o= ][ »

ap=1(3) ap=2(3) bp=1(2) cp=1(2)

ag =23 [[p1¥], by=3"3 Hpﬂ, co=[[»'%,
P P »
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where the definition of ¢q is up to a unit. Therefore we get a minimal pair (s,t) by
(3) (here A = 1). This gives a well defined map ¥(a,b,c) = (s,t).

Now one can prove easily that ¥ o ® = Id and ® o ¥ = Id. Hence ® gives a
one-to-one correspondence between the two sets. Therefore the triple cover data
(s,t) is equivalent to (a,b,c). O

In fact, for a given (s, t), the equivalent triple cover data a, b and ¢ are obtained
from the equality 4s3427t? = § by eliminating the common factors from both sides.
For the triple cover determined by z3+4sz+t = 0, we can associate it with an elliptic
curve y2 = 22 4+ sz + t over the function field of X. Then we have the standard
j-invariant 1728453%%79' Because we are working over C or k with chark # 2,3,
the constant 1728 is of no use. For simplicity, for the triple cover data (s,t), we
can define the j-invariant as,

(6,8) =

$,t) = ———.

IS = s o

This invariant can be defined for the equivalent data (a, b, ¢) under the above cor-
respondence P,

. a
jla,b,c) = =

Obviously, the j-invariant is a rational function on X. If j # 0, i.e., s # 0, then
it characterizes the triple cover data. From the above lemma, we see easily that if
the j-invariants of (s,t) and (s',¢") are equal, then (s,t) and (s',t') are equivalent.
But different j may determine the same triple cover. For example, if 7, 5/ and j”
satisfy the following equalities,
: 2

) o _J

=7 =g
then the triple covers of j, j/ and j” are isomorphic (cf. [16]). Note that if
j =j(a,b,c), then j' = j(a, —c, —b) and j” = j(—a?, (a + 2b)?, 4bc).

1.3. Trace-free sheaf and branch locus. If £; is the trace-free subsheaf of
m(OQy ), then we have

(8) 7 (Oy) = Ox @ &,

We denote by F the syzygy sheaf of f = (f1, fo, f3) := (2a0a2/3,bo, o), i.e., F is
the kernel of the following morphism f,

9) 0= F = O(—F) ® O(—Fy) & O(~F3) LT, — 0,
where f(u,v,w) = fiu+ fov+ fzw and T is the ideal of Ox generated by f1, fa, f3.

Theorem 1.3. Let m: Y — X be a triple cover with normal Y, and let £, be
the trace-free subsheaf of 7.(Oy). Then

(1) 7 is determined by some minimal triple cover data (s,t). If L is the in-
vertible sheaf in Definition 1.1, then we can assume that L~ is a mazimal
subsheaf of E.

(2) The branch locus of w is 2A1 +2A5+ By 4+ Cy, and the divisor over which
w is totally ramified is Ay + As.

(3) By + C1 =27 is an even divisor, where n = 3L — A; — By — 245 — (Y.

(4) & =2 F(D), where D = 4L —2A, —3As —2B1 —n and L is the divisor of
L.
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(5) e1(Ex) = —Ay — Ay — %(B1 L.

(6) Ay + By + Cy is the image in X of the non-normal locus of the variety ¥
defined by 23 4+ sz +t =0 in Sect. 1.2.

(See [13] and see Sect. 7 for 1.).

1.4. Galois triple covers. In this section, we recall some basic facts on Galois
triple covers. The Galois triple cover data (t,£) can be viewed as a special case
of the general triple cover data (s,t). Then the Galois triple cover 7 : ¥ — X
determined by (¢, £) is defined as the normalization of the triple cover defined by
2% +t = 0. Assume that ¢ has the factorization

(10) t = ajai)’.
In fact, the above factorization of ¢ is unique. Then Y is defined locally by
2’2 =aw, 2w =aiag, w2 = as=z.

Hence we have

(1) The branch locus of 7 is A; + As;

(2) Y is smooth iff A; + Ay is smooth;

(3) m(Oy) =0x ®O0x(A) @ L T®Ox(2A + Ay) ® L72. Note that A is the
divisor of A.

For the convenience of the readers, we give a brief description of the canonical
resolution of the singularity of Y. In order to resolve the singularity of Y (lying
over the singular points of A; + As), we only need to resolve the singularity of the
branch locus. Let o7 : X7 — X be the blowing-up at a singular point py of the
branch locus. The new triple cover data is (t1, £1) = (05 (t),07(L)). We get a new
branch locus A} + A}. If it is smooth, we stop. Otherwise, we repeat the same
procedure for a singular point of A} + A}. We claim that after a finite number of
steps, the new branch locus is smooth. It is well known that after a finite number
of steps, the branch locus has at worst nodes as its singularity. We assume that
Ay + A, is a curve with normal crossing. So the singular points p have only two
types:

(A) pE AN AQ,

(B) p is asingular point of A; or A,.

In case (A), the singular point can be resolved by blowing up X at p. In case
(B), after blowing-up at p, the new branch locus has two singular points of type
(A), and they can be resolved by two additional blowing-ups at them.

Therefore, after a finite number of blowing-ups, the normalization of the pull
back triple cover surface is smooth. This is the canonical resolution of the singular
points of Y.

2. When is a triple cover Galois
In this section, we shall give a criterion for a triple cover to be Galois.

Theorem 2.1. Let 7 :Y — X be a ramified triple cover over a factorial variety
X with H(X,0x) = k. Then © is Galois if and only if  is totally ramified over
its branch locus.

Proof. If 7 is Galois, then it is trivial to see that 7 has the desired ramification.
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We assume that 7 is totally ramified over its branch locus. Let (s,t) be its
minimal triple cover data. If s = 0, then 7 is Galois. So we can assume that
s # 0. m has no non-total ramification, i.e., by and ¢; have no zero points. Thus
b1 = C1 = 1 as HO(X,O)() =k.

We first consider the case when X = Spec (R) is affine, Y = Spec (R[«]) is the
normalization of the triple cover defined by o® 4+ sa +t = 0. Let

_ (V3f3/9— fo)a+ 1B
g 7
where f = (3a® + 2s)/3bjas. Since (V3f3/9 — f2, f1,V3f1/9) is a syzygy of
(f1, f2, f3), z is in the normalization of R[a] (cf. [13]).
We shall prove that z satisfies

4
(11) 2’3 = @alag(q} - 3\/§b0)

Because R|[z] is also a cubic extension, the normalization of R[z] equals that of
Rla].

The idea of the proof of (11) is simple, but the computation is complicated.
We can use Maple to compute it. Note that 23 is a polynomial of a of degree 6.
Firstly, we substitute a® = —sa — ¢ into 2z such that 23 is a quadratic polynomial
of a. Secondly, by using (4), we substitute

4 1
b = fﬁalagag + 2—703
into 22 such that 23 is linear in by. Then we get (11). The following is the Maple
computation.

> s:=a[l] *b[1] *a[2]*2*al0]; t:=a[l] xb[1]"2 x a[2]"2 x b[0];
fl]:=2xal2] xal0]/3;  f[2]:=0[0]; f[3] := c[0];
beta := (3 * alpha’2 + 2 % 5) /(3 * b[1] * a[2]);
z = (((1/9) * (3"(1/2)) * f[3] — f[2]) * alpha + f[1] x beta)/ f[3];

b[1]:=1; ¢[1]:=1;
F := expand(2"3) :
G := alpha*3 + s x alpha + t;
H := 4% a[0]"3 % a[1] * a[2]"2 + 27 x b[1] » b[0]"2 — c[1] * c[0]"2;
Frem := rem(F, G, alpha) :
‘result’ := factor(rem(Frem, H, b[0]));
Note that from (4),
(12) 4ara3ay = (co — 3v/3bo)(co + 3v/3bp).

Because the two factors on the right hand side are coprime, we can see that the
power of a prime in a;a3(co —3v/3bp) is not divided by 3 iff p is a divisor of ajas. So
the normal Galois triple cover determined by (11) is totally ramified over A; + As.
Now we let U = U;U; be an affine open cover of X. Let o; be the automorphism
of order 3 of 7~1(U;) which determines the triple cover over U Then on U; N Uj,
there is an integer n;; = 1 or —1 such that o;|y, nu; = o We fixed ig.

i
Then we can assume that n;,; = 1 for any j, because if ny,; = 1 we can replace
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04,5 by its inverse. Now we see that n;; = 1 for all ¢, j, because o; and o; coincide
on U;, NU; NU;. Thus {o;} determines an automorphism o of X of order 3, and
the triple cover 7 is the quotient of X under the action of the group {1,0,0%}. O

Remark 2.2. The condition H(X,Ox) = k is used to imply that
(13) b1 = C1 = 1.

In fact, locally, by and ¢; have square roots on U = X \ (B; 4+ C1), hence we
have the same factorization as (12). This means that 7 is locally Galois over U.
The triple cover of (s,t) is Galois iff there is a rational function h on X such that
j(s,t) =1—h2.

Corollary 2.3. In the following commutative diagram, ¢ : X' — X s a double
cover ramified over By + C1, and Y' is the normalization of the pull back X' x x Y.

’

y’ —%

vl |-

X — X
o]
Then 7' is a cyclic triple cover ramified over p*(A; + As) and some subscheme of
codimension at least 2.

Proof. Note that By + C; is an even divisor, so ¢ exists. Since X' xx Y is a
double cover of Y ramified over 7*(By +Cy) = 2(B1 4+ C1) + B, +C}, ¢’ is a double
cover ramified over Ei + 5{ Hence 7’ is a triple cover whose non-total ramification
locus D’ has codimension > 2. In fact, the data of 7’ is just the pull back of (4)
by ¢. On the other hand, ¢*(b1) and ¢*(c1) are square of some sections. So for 7/,
the condition (13) is satisfied. Then we have the same factorization as in (12) for
7’. Let D" be the non-factorial locus on X’. Then we know that the codimension
of D" is > 2. Thus 7 is Galois over X'\ (D’ + D"). The automorphism of '~ ()
of order 3 can be extended to an automorphism of X’ such that 7’ is the quotient
map of this automorphism of order 3. Hence 7’ is a cyclic triple cover. ([l

Corollary 2.4. Let Y — P2 be a generic triple cover. Then Y’ is smooth and
7' is a cyclic triple cover ramified over the singular points (cusps) of X'.

3. When is a triple cover smooth

In this section, we shall give a criterion for a triple cover to be smooth. Our
criterion is directly from the global data Ay, Az, By, C1. We first recall Miranda’s
local analysis. Let 7 : Y — X be an affine flat triple cover over a nonsingular
variety X = Spec (R). Then Y = Spec (R[z,w]/I), here I is the ideal generated by
the following 3 equations:

22 =Gz + bw+ 2A
(14) 2w = —dz — aw — B,
w? =z + dw + 20
where A = a2 — bd B=ad— bc C=d- ac, and - denotes the notation used in

[8]. Let m C R be the ideal of a point p in X. Then Y is singular over p if and
only if
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(i) @ b, ¢ dem,
(i) J&m, a, ¢cEm, g€m27
(iii) @ ¢m, 5, de m, ¢ € m?2,
(iv) ggm, EEm, EE—Z&'gEmQ,
(v) ¢&m, C~'€m, EE—Q&V&GmQ,
(vi) ggm, Zem, D € m?2,
(vii) c¢&m, 5'¢m, D em?,
where D = B2 —4AC defines the branch locus of m. Note that the locus over which
7 is totally ramified is defined by the ideal (A, B, C). In cases (i), (iv) and (v), 7 is
totally ramified over p, in the other cases, 7 is simply ramified over p. In the last 4
cases, Y is locally defined by a cubic equation 22 + gz + h = 0, then Y is singular
over p if and only if
(I) gem, h€m?,
(1) g & m,4g® +27h? € m>.

Lemma 3.1. In case (i), let p be the inverse image of p in Y. Then'Y has
multiplicity 3 at p.

Proof. Let mg C Op be the maximal ideal of Y at p, and let n = dim X.
Then there is a polynomial P(¢) = L™ + k0"~ ... + ko of £ such that for £ >> 0,
P) = length(Op/mé). By definition,  is the multiplicity of ¥ at p. From the
equations (3.1) and the condition (i), it is easy to prove that Op = Oplz,w]/I,
me = (m+ Opz + Opw)/I and

mé—l/mé _ mﬁfl/mé + (m£72/m€71)z + (m672/m£71)w'
We know that
L+l +2)---(L+n-1)
(n—1)!
Note that P(¢{)—P({—1) = length(mé‘l/mg), and the leading term of P(¢)—P({—1)
is ﬁf”’l. On the other hand,

length(m’/m‘*1) =

length(mg ! /mg) = length(m’~!/m*) + 2length(m*~2/m*~1)
3

= —— "' 4 terms of lower degree ,
(n—1)!

hence p = 3. (]

Theorem 3.2. Let m: Y — X be a flat triple cover over a smooth variety X
of dimension n. Then'Y is smooth if and only if Ay + As is smooth, Ay + As and
By 4+ Cy have no common points, and all of the singular points of By +C1 are cusps
(i.e., locally defined by x2 + f(x1, -+ ,2,)> =0, £(0,---,0) = 0) where 7 is totally
ramified.

Proof. This is a local problem. We assume that p is a singular point of
Dyeq := A1 + As + By + C;. Because 7 is flat over p, Y is locally defined by the

equations (14), where R = Ox . It is obvious that 7 is totally ramified over p,
otherwise we know that Y is singular over p as it is locally a double cover. Thus

(15) A(p) = B(p) = C(p) = 0.
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If b(p) = &(p) = 0, then from (15) we have a(p) = d(p) = 0. So Y is singular over
p, a contradiction. Thus at least one of b and ¢ is not vanishing at p. Then we can
assume that the defining equation of 7 near p is

(16) 24 gz4+h=0.

The surface defined by (3.3) is normal and smooth. For the data (g, h), a5 =b] =1
and ¢ is a nonzero constant. So

g =ajaj, h=a\bj.

Firstly, we claim that g(p) = h(p) = 0. Indeed, if g(p) # 0, then Y is singular
over p because the branch locus 4¢3 + 27h? = 0 is singular at p by assumption.
Similarly, we can see that the hypersurface h = 0 is smooth at p.

Secondly, we claim that af(p) # 0. Indeed, if a}(p) = 0, then bj(p) # 0 and
ay = 0 is smooth because the hypersurface of h = a)b} is smooth at p. On the
other hand, the reduced branch locus D,eq defined by ¢ja} = 0 is singular at p,
where ¢} = 4a}a}® + 27b)%, so ¢, (p) = 0 which implies b)(p) = 0, a contradiction.
Hence a) is invertible near p, i.e., gcd(g, h) = 1 and 7 is totally ramified over p.

Therefore (Dyeq,p) is a cusp defined by 4¢g® + 27h% = 0 lying on (B; + C1) \
(A1 + As).

Conversely, we need to prove that Y is smooth over p. Assume that Y is singular
over p. The branch locus D = 24, + 243 + By + (4, defined by B? — 4AC =0,
has a double point at p, so at least one of @, b, ¢, d is nonzero at p, (i) can not
occur. (ii) and (iii) can not occur because in this case 7 is not totally ramified
over p. So b or ¢ is not vanishing at p, which means 7 is locally defined by (16).
There are only two cases (I) and (IT) as above. Case (II) can not occur since 7 is
not totally ramified over p in this case. In case (I), because the variety defined by
(16) is normal and A; + As does not pass through p, we can see that ged(g,h) =1
near p. By assumption, the branch locus defined by 4¢* 4+ 27h? = 0 has a cusp at
p, hence the hypersurface h = 0 is smooth at p. Then we know that X is smooth
over p, a contradiction. This completes the proof. ([l

Remark 3.3. In Sect. 5, we shall discuss when 7 is totally ramified over a
cusp.

4. Canonical resolution of the singularities

Theorem 4.1. Let 7 : Y — X be a triple cover of a smooth surface X . Assume
that Y is normal. Then there are a finite number blowing-ups o : X — X of X
such that the following induced triple cover ™ : Y — X has a smooth branch locus.

y — ¢ v

el L=
X — X
where Y is the normalization of)N( xx Y. SoY is a resolution of the singularities
of Y.
Proof. Let 7 : Y — X be a triple cover determined by the data (s, ).
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If s = 0, then the triple cover is Galois. In this case, we have given the canonical
resolution of the singularities (see Sect. 1.2).

Now assume that s # 0. We denote by (a,b,c) the triple cover data corre-
sponding to (s,t), so

(17) a+b=c

Consider the branch curve A; + A; + By + Cy. If p is a singular point of the
branch locus, then we blow up X at p, o1 : X3 — X. We have

(18) o1(a) + 01 (b) = o7 (¢).

Let o/,¥, ¢ be the corresponding sections obtained from (18) by eliminating the
common factors from both sides. Then we have

(19) a+v=c.

From (1), we see that the three new sections (a’,b’,¢’) are the triple cover data
corresponding to (o7 (s), o5 (t)). So the branch locus of the triple cover determined
by (a’,,c) is contained in the total transform of Ay + Ay + By + Cj.

By the well known embedded resolution of the singularities of a curve in a
surface (see [5], p.391), there are a finite number of blowing-ups ¢’ : X — X such
that the curve o’*(A + B + C) has at worst nodes as its singularities. So we can
always assume that A + B + C is normal crossing. From

(17) we see that any two of the curves A, B and C have no common intersection
points. Hence the curves A; + As C A, By C B and Cy C C are disjoint. Now we
need to resolve the singularities of the three curves.

Let p be a singular point of A; + As, or By, or C1, and let o : X — X be the
blowing-up of X at p.

I) If p € A; N Ay, then the local equation of A at p is 23" H1y>m+2 = 0. We
know that the multiplicity of the exceptional curve E in 0*(A) is 3(m +n+1). So
E is not in the branch locus of 7.

IT) If p is a singular point of A; or As, then the local equation of A at p is
a3 Fey3mEe — () (e = 1 or 2). Then there are two new singular points of type I) on
E, which can be resolved by two additional blowing-ups as in I).

III) If p is a singular point of By (resp. Cy), then the local equation of B (resp.
C) at p is 22"H1y?m+L = 0. So the multiplicity of E in o*(B) (resp. o*(C)) is
2(m +n+1). Hence E is not contained in the branch locus of 7. The singular
point has been resolved. Therefore, after a finite number of blowing-ups, the branch
locus of the induced triple cover 7 is smooth. ([

Remark 4.2. The j-invariant j = % of the triple cover data is a rational

function on X, which defines a rational map from X to P!. The first step of the
above proof is to resolve the “singularities” of j such that it induces a morphism
to P'. The second step is just the canonical resolution of the singularities of Galois
triple covers and double covers. o*(j) is the j-invariant of the pull back triple cover
data on X. Note that the canonical resolution does not exist for covers of degree
larger than 3.

Example 4.3. Consider the normalization ¥ of the local surface ¥ defined by

24 alyz+yt=0
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at o = (0,0,0) in C3. The inverse image of o on Yisa singular point. We can use
the above method to resolve this singularity when we view ¥ as a triple cover of
C2. Note that in this case,

a=425 b=27y5 c¢=42%+ 27"

o consists of 6 blowing-ups. We denote by F; the strict transformation of the
exceptional curve of the i-th blowing-up. In the induced triple cover data (a’,¥’, )
after the i-th blowing-up, F; is contained in at most one of A’, B’ and C'. If E; is
in A’ (resp. B’ or C’) with multiplicity k;, we shall assign E; a “multiplicity” k;A
(resp. k;B or k;C). Then we see that the assigned multiplicities of Ey,--- , Eg are
respectively
A, 4B, 3B, 2B, B, 0,

where 0 means Fjg is not in A, B,C. Thus F,, E4 and Eg are not in the branch
locus, F isin Ay, E3 and E5 are in By. The self-intersection numbers of E, - -- , Fg
are respectively —6,—1,—2, -2, —2, —2. After blowing down two (—1)-curves in
the exceptional curves, we get the minimal resolution. The dual graph of the
exceptional curves of the minimal resolution is

[

® O

where o is a (—3)-curve and o is a (—2)-curve. Thus the singular point is a rational
triple point. Please note that outside of the totally ramified locus, the triple cover
is factorized as a double cover and a one-to-one cover.

Remark 4.4. T. Ashikaga gives in [2] a resolution of the singularities of some
special triple covers, i.e., the triple cover itself is defined by a cubic equation and
without normalization. In our language, it is the special case when Ay = By =
Cy = 0. In this case, all the singular points are hypersurface singularities.

5. Codimension 2 totally ramified locus

Let 7 : Y — X be a triple cover with data as above. X is a smooth variety of
dimension n > 2. We denote by D5 the locus over which there is a total ramification,
and by U C X the Zariski open subset of the flat points of 7. Then we know that
X \ U has codimension at least 3 since X is nonsingular. On U, Dy is defined
locally by the ideal (Z, B , 5) which are the 3 maximal minors of the matrix

a ¢ d
b d a )’

Hence the codimension of Dy at any point on U is < 2. Obviously, 7 is totally
ramified over X \ U because normal double covers over nonsingular varieties are
always flat. So we pay our attention to the flat case. We have known that the
codimension 1 part of Dy is A; + As. In this section, we shall try to find the
codimension 2 part Dy’ of Ds.

Theorem 5.1. On X \ Ao N By N Cy, the codimension 2 part of Dy is Ag N
(B1 4+ C4). In particular, the non-divisorial part of Dy is contained in Ag.

Proof. Note that 7 is flat over X \ Z (Z = Fy N F> N F3). So we have (14)
locally. Then the totally ramified branch locus is defined by A = B=C = 0. It
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is enough to consider the points x € A; 4+ As, hence x € By + Cy if 7 is totally
ramified over z. If x € X \ F}, we choose a local base z = o, w = (—foa + f10)/ f3
of &;. By the computations in the proof of Theorem 3.5 of [13], we have

@56d) = 3bifa 3b1fs cafz fsfa
T 20,0 ’ 2(10 ’ 18CL07 18(10 ’
~ o~ ~ 1 1

(A,B,C) = <3a1blaga03 Oa 810410’%01040> ’

From (4), we can see that on X\ F; the only total ramification locus is A; + As.
If z € X \ Fy, then we choose a base z = 8, w = (— faae + f18)/f3. Then we have

o~~~ 1 1

(aab7 C, d) = (-3@1@2@0, a1f37 ﬁaQCla 0) 5

~ ~ ~ 1 1 1

(A, B,C) = (ga%agag, —2*7a1f3a261, 81%“%01&0)-

D} is equal to AgN (By +C1) on X \ Fo. If x € X \ F3, we choose a base z = «,
w = (3. Then we have

~ T~ = 1

(a’ﬂ b7 C, d) = <O7 b1a27 7a1f23 3@1@2@0) )

A n 1 2 1 2.2 2
(A,B,C) = —§a1b1a2ao, aibias fo, 9%1240 | -

So Dj is also equal to AgN (By + C1) on X \ F3.

Now note that F1 = A2 +A0, FQ = BO and F3 = Co. Hence on X\AoﬁBoﬁCO,
the theorem is truce. g

It is not easy to give a similar criterion for the points in Ay N By N Cy. In
the surface case, we can overcome this difficulty by using the canonical resolution
given in Sect. 4, because there is no total ramification over the smooth part of
(By + C1) \ (A + As) (otherwise the branch locus defined by B? — 4AC = 0 is
singular as /~1, B and C are vanishing at the total ramification locus).

Now we consider the double cover base change ¢ as in Corollary 2.3.

/ ’

y £ .y ¥ Ly

el "] L=
X X' X
e ®

Assume that X is a smooth surface. Let p € B; + C7. Then 7 is totally ramified
over p if and only if 7’ is totally ramified over p’ = ¢~1(p). If p is a singular point
of By + Ci, then p’ is a singular point of X'. Let ¢ : X — X' be the canonical
resolution of X’ at p’, and let 7 : Y — X be the pull back of /. Then it is easy to
see that 7’ is totally ramified over p’ if and only if 771 (p~1(p’)) is connected. This

can be verified from the data (a, b, ¢).

Corollary 5.2. With the assumptions as in Theorem 3.2. Assume that X is a
smooth surface and (a,b,c) is the triple cover data of w. Let p be an ordinary cusp
of By + Cy. If p is not on Ay + As, then 7 is totally ramified over p if and only if

(20) ep = fip(a) — pp(b) >0, &, Z0 (mod 3),
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where py(a) denotes the multiplicity of a at p.

Proof. We know that p’ is a rational double point of type As. Hence the
exceptional curve of @ over p’ is a curve of type As, i.e., two (—2)-curves FE; and
FEs> meeting at one point. Because X is smooth and 7 is cyclic, T has no isolated
branch points. Note that 7 is unramified near E; + E5, and that E; + F5 is simply
connected. Hence 7~ 1(E; + E3) is connected if and only if at least one of E; and
E is in the branch locus. Now we consider the canonical resolution of p’,

X _® . x

e | ¢]

X, —— X

where ¢ is the blowing-up of X at p with exceptional curve E. Then F; 4+ F5 is
the pull back of E. The above condition is equivalent to that E is contained in the
total ramification locus of the new triple cover data (o} (a), o7 (b), 07 (c)), which is
just (20).

Let p be a cusp of By + O defined by z? + y™ = 0. Consider the canonical
resolution of p':

X, B X B X B Xg=X

We denote by po = p,p1,- -+ ,pr—1 the infinitely near points of (B; + C1,p) and by
(a(i),b(i), (7)) the pull back triple cover data on X;. Then we have

Corollary 5.3. 7 is totally ramified over p if and only if there is an i such
that the data (a(i),b(7),c(i)) satisfies (20) at p;.

Proof. The proof is similar. (I

6. Invariants of a triple cover

In this section, we compute the global invariants of a triple cover 7 : Y — X
of a smooth surface X. Let

D1=B1+Cl, D2:A1—|—A2.

Then
W*(Dg) :3D2, W*(Dl) :2D1+D/1

Lemma 6.1. Assume that the branch locus of the triple cover m is smooth. If
T; is a reduced and irreducible curve in D;, then w*(I'y) = 3Ty, n*(I') = 2Ty +F'1.

We have
1

~ ~ 1
F2 _ 7F2 F2 _
2 3 2 1

érf, [2=r2 T.I,=0.
Hence
Ky = ’/T*(Kx) + Dy +2Ds.

The Chern classes of &, are denoted by ¢1, co. By Theorem 1.3, we have (see
[13] or [8])

1 1
(21) C1 = 7A1 — A2 — iBl — 501,
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In order to give a simple formula for ¢y, we will use the following equality (see
Theorem 1.3, (4.)),

e —dey = 1 (F)? — dea(F),
as the discriminant ¢ — 4cy is invariant up to tensoring a line bundle. Then
c1(F)? = dea(F) =T? — ddeg A(F),
where I' = Fyo+ F3 — Fy and A(F) = FyF3— Z(F) is the residue subscheme of Z(F')
in FyF3 whose degree is FoF5 — deg Z(F') (see [15]). Hence

1
(22) = Zcf — ZFQ + deg A(F).

By (1.8) and Riemann-Roch Theorem, we have
1
(23) x(Oy) =3x(0x) + Q(Cf —aKx) —ca.

Proposition 6.2. Assume that the branch locus of m :' Y — X is smooth.
Then

1 1 5 1
X(Oy) = 3x(Ox)+ gDt + DiEx + 72 D5 + 5 DoKx,
1 4
K¢ = 3K%+ §D% +2D, Kx + §D§ +4D;Kx,
Xtop(Y) = 3Xtop(X) + DI + D1 Kx +2(D3 + Dy Kx).

Proof. By Hurwitz Formula, Ky = 7*(Kx) + 131 + 2ﬁ2. From Lemma 6.1,
we have
K2 = (7"(Kx))?+ 21" (Kx)(Dy + 2Ds) + (Dy + 2D,)?
= 3K% +2Kx(m.(Dy +2Dy) + D} + 4D3
4

1
= 3K% +2Kx(D; +2Dy) + in + ng.

Thus we get the second formula.
For the third formula, we use xtop(C) = —C? — CK,

Xeop(Y) = Xtop(Y \ (D1 + D} + D3)) + Xtop(D1 + D} + Ds)
= 3Xt0p(X \ (Dl + D2)) + 2Xt0p(D1) + Xt0p(D2)
= 3Xtop(X) - Xtop(Dl) — 2Xtop (D2)
= 3xtop(X) + DI+ D1 Kx +2(D3 + Do Kx).

1
We can get the first formula by using Noether equality x(Oy) = E(K)% +

Xtop(Y)) and the second and third formulas. O
By the canonical resolution of the singularities of a triple cover, we have the
following commutative diagram.

Tk —
Y _ e Y1 kot

Y, — 25V, 25 Y




158 S.-L. TAN

oi+1 is the blowing-up of the X; at a singular point p; of the branch locus of ;.
Yi+1 is the normalization of X1 xx, Y. Yo =Y, Xo = X, 19 = 7. We know after a
finite number of blowing-ups, 7, has a smooth branch locus. So Y} is smooth. We
denote by 7 : Y — S the last triple cover, and by ay), by) cg-l) the corresponding
data of ;.

We denote by p,(C) the multiplicity of C' at p, and put

w = (B i) (0 L (A 20, (AD) —
(3 2 ) (2 3 )
(24) (i) (i) (@)
o — |Fri (C17) —d v — 2ip, (A17) + pip, (A3”) + ds
T 2 ) 1 T 3 )

where d; = min{,, (AD), p,, (BD), p1,, (C)}. (From a® + b = ¢V we can see
that at most one of the multiplicities 1, (A®), up,, (B®) and p,, (C?) is bigger
than di-

Let

/ /
m; =u; +v; +di, Ny =u; + ;.

Then m; = [,upi(Dgi))ﬂ} , and

L i A (A, dy =, (AD) (mod 3);
‘ L, (Agz)) + fip, (Agz)) —1, otherwise.

Note that u},v}, n; and u; are not necessarily non-negative, but m; and v; are

non-negative and n; > —1.

_ Let E; be the exceptional curve of o;, let & be the total transform of E; in

X = X}, and let o be the composition of the blowing-ups. Then we have

B o*(B1) — Yy (2uf + di)Eia,

Cr = 0" (Ch) = Yimg (20 + di)Eis,

A = % (A) - Zi—:ol(%i —u; — di)&iq1,
(25) Ay = o*(Ay) — Zi—:&(?ui —v; +d;)Ei41,

Ay = o*(Ao) + Zi:ol uiEit1,

By = o*(Bo)+ iy wiis1,

Co o*(Co) + 470 vi€it

In particular, we get

él = o0%(Dy)—2 Zi:ol mi&it1,
(26) Dy = o"(Ds) = i) mifip,
Kg o (Kx)+ 0 &

Note that
E=—1, && =0 (i#j), 0" ()& =0.

K2

Hence we have the following formulas.
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Theorem 6.3.
1 51 5
X(O?) = 3X(OX) + ng + *DlKX + 18D2 + DQKX
B kz m;(m kzl 1, ( 5n1 — 9
=0
K = 3K%+ §D% +2D, Kx + §D§ + 4Dy K x
k—1 k—1
4 7 (O
=3 2(m; - 1) UE
i=0 =0
The form of the formulas is not unique, because Zlgg = 0, A1 A can be

calculated from the local data of the singularities. We shall give a new formula for
X(Ox) such that it is easy to be used to control the singularity, and the error term
is the invariant of the resolution.

By the definition of the geometric genus of a singularity, if we denote by pg4(7)
the sum of the geometric genera of the singular points of Y, then we have x(O¢) =

X(Oy) — py(7), where 7 : Y — Y is the canonical resolution. In this case, we can
use (23) to compute x(Oy) and x(Og). Then we have

(27) X(Og) = 3(0x) + 5( — e1Kx) = &2 = py (7).
Hence

py() = —5(@ ~ &) ~ @K g — 1Kx) + (@ — c2).

Now we use (21) and (26) to compute ¢, and use (22) and (25) to compute ca.
Note that I' = By + Cy — Ag — As. Then we can get easily

k—1
E%_C% :_Zz o(mzlj‘?z) )
(28) aKg —aKx = =370 (mi +ny),

Co—cy=— Zf:_ol v? + Zf:_ol (m; 4 ng)v; + deg A — deg A,
where A (resp. A) is the residue subscheme of Z(F) (resp. Z(F)) in ByCy (resp.
BOC’O) Thus we have the following.

Theorem 6.4. Let w; = m; + n;. Then the sum of the geometric genera of
the singularities on'Y 1is

k—1
1 1 ~
py(T) = Zo (2’%2 — w;v; + viz — 2“%) + deg A — deg A.

We shall also give a new formula for K2 in terms of the Chern classes of &;.
Assume that X is smooth. Then Y can be embedded in P(€;) such that the triple
7 :Y — X is induced by the projection p : P(€;) — X. We have

Kpe,y = —2H+p*(c1) +p"(Kx),
Y = 3H—-2p"(en),
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where H = Op(¢gy(1). Thus we get Ky = (Kp(e,) + Y)|y and
(29) K% =3K% +2¢% —4cKx — 3ca.

Theorem 6.5. Using (28) and (29) for Y — X, we have

Kg = 3K%+2¢ —4aKx —3c
k—1 _
— Z (2w} + 3w;v; — 307 — dw; +3) — 3 (degA — deg A) :
i=0

7. Construct cubic equations from Miranda’s triple cover data

We shall show that any triple cover over a factorial variety X is determined
by some (minimal) triple cover data (s,t). Two triple covers m : Y7 — X and
mo 1 Yo — X are said to be isomorphic to each other if there is an isomorphism
o:Y; — Y5 such that m; = m9 0 0.

Let U be an open subvariety of X. Then any triple cover 7 : ¥ — X induces
a new triple cover 7y : 7 H(U) — U.

Lemma 7.1. Let A be a closed subset of X of codimension at least two, and
let U =X\ A. If the induced triple covers miy and may are isomorphic, so are m
and To.

Proof. Since Y; is isomorphic to Specm;. Oy, over X, we only need to show
that 7.0y, and 72,0y, are isomorphic Ox-algebras. We know that they are both
reflexive (cf. [6], §1). By hypothesis, m1.Oy, |y and m2.Oy, |y are isomorphic Oy -
algebras. Now we know m1.Oy, is isomorphic to 72,0y, as Ox-modules because
there are both reflexive. Obviously, this isomorphism preserves the Ox-algebra
structures. This completes the proof. O

Theorem 7.2. Let w : Y — X be a triple cover of a factorial variety. If
chark # 3, then w is determined by some minimal triple cover data (s,t).

Proof. Since chark # 3, the trace map tr. : 7,0y — Ox is nonzero, and
the trace-free subsheaf & of 7,0y is a rank 2 reflexive sheaf. In this case the
trace map splits 7,0y as 7,0y = Ox @& &. We consider a maximal rank one
subsheaf of & with a torsion-free quotient. Then this subsheaf is reflexive and
hence invertible because X is factorial (cf. [6]). We denote by £V this invertible
subsheaf. Obviously, the quotient sheaf & /LY is isomorphic to T4 ® MY, where
MY = (&/LY)** is an invertible sheaf and Z4 is the ideal sheaf of a subscheme A
of codimension at least two. Let U = X \ A, and let {U; |7 € I} be an affine open
cover of U such that £V and &y are trivial over each U;. Let z; and {z;, w;} be
respectively the local bases of LY and & on U;. Then on U; N U;, we have

0 (o)) (2)

where £;; and m;; are respectively the transition functions of £Y and M. Since
{1, z;,w;} is a base of the Oy,-algebra 7,.Oy |y, as an Oy,-module. Hence we have
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z; can be viewed as a rational function on Y, but not a rational function on X.
Hence the minimal polynomial of z; over the function field K (X) is of degree 3.

This means b; is nonzero for each 1.
Substituting z; and w; in (31) by (30), we have
Thus, on U; N Uy, we have

Ej = mijﬁi_j2gi’ Avj = E;QAVH

hence {b;} (resp. {A;}) is a section b of M~1 ® L2 (resp. L£2) over U, here £ and
M are respectively the dual of £V and M". Let B be the divisor of b on U.

Since z; can be viewed as an endomorphism of 7, Oy |y, over Oy, by multipli-
cation, by choice, the trace of z; is zero. Hence the characteristic polynomial of z;
over Oy, is of the form:

Z? +s;2; +t; = 0.
With the same proof as above, we see that {s;} and {¢;} are respectively two
sections of £2 and L3 over U. Because X is factorial and A has codimension at
least two, these two sections can be extended respectively to two global sections
s € H°(L?) and t € H°(L?).

Now we can construct a new triple cover 7’ : Y’ — X by
22+ s2+t=0.

Note that on U; \ B, z generates 7,0y since w; € OUi\B[Zi] by (31). In fact,

7Oy |y, is exactly the normalization of Oy, [z;] in the function field K(Y), as w; is
integral over Oy, [#]. Hence 7, (Oy)|v = m«(Oy)|u. That is to say 7(; and 7y are
isomorphic triple covers of U. By Lemma 7.1, 7 is nothing but «’, which is what
we wanted. (]

Note that Miranda’s triple cover data for flat triple cover 7 : Y — X is a rank
2 vector bundle £ with a morphism ¢ : S3E — A2E. Giving the morphism ® is
equivalent to giving the local data a,b,¢, and d as in (14). From the above proof,
we can see easily that if £V is a maximal invertible subsheaf of £ and if we choose a
local base z,w of £ (outside of a codimension 2 subsset) such that z is a local base
of LV, then b #0, bd — a2 and 3abd — 2a3 — b*¢ are respectively the global sections
of L2 M~ = L3 ®det&, £2 and £3. In particular, the cubic equation defining
m:Y — X is

2% 4+ 3(bd — @)z + (3abd — 2a° — b%¢) = 0.

For a given triple cover 7 : Y — X, our data (s, t, £) is determined uniquely by
its j-invariant j = j(s,t), i.e., determined by a rational function j on X. Therefore,
there is a one to one correspondence between the following two sets.

{jeK(X)|nmj=n} < {L|LY C &, is an invertible subsheaf }
Corollary 7.3. Let £ be the trace-free sheaf of a triple cover. Then for any
invertible subsheaf LV of £, we have
HY(L2@detE) #£0, H(L?) #£0.
If the triple cover is not Galois, then H°(L?) # 0.
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Proof. One can reduce the proof to the case where £V is a maximal invertible
subsheaf of £. Then use the proof of Theorem 7.2. (]

Corollary 7.4. Let £ be the trace-free sheaf of a triple cover determined by
(s,t,L). Let {z;,w;} be the base of € such that {z;} generates the subsheaf LV of
E. Then we have N

b= agblco, Av = —g.

Proof. In the proof of Theorem 7.2, we have seen that b and A are global
sections of invertible sheaves. Thus we only need to prove the equalities on U =
X\ (Fy N F3). In the proof of Theorem 5.1, we computed b and A on X \ F; and
X \ F5, where z = « is part of the base. Obviously the equalities hold true on U.
This proves the corollary. O

In what follows, we are going to find the relationships between rank 2 reflexive
coherent sheaves and triple covers. We shall prove that up to tensoring a line
bundle, any rank 2 reflexive sheaf is isomorphic to the trace-free sheaf of some
triple cover.

Lemma 7.5. Let A be a codimension > 2 subscheme of a factorial variety X .
Then any triple cover of X \ A can be extended uniquely to a triple cover of X.

Proof. Let U = X\ A, and let 7y : V — U be a triple cover. By Theorem 7.2,
we can find an invertible sheaf £y on U and sections s € HO(U, £%), t € HO(U, L3,),
such that 7wy is defined by

24+ sz+t=0.
Since X is factorial and A has codimension > 2, Pic(X) 2 Pic(U). Thus Ly is the
restriction of an invertible sheaf £ on X, and the sections s and ¢ can be extended
respectively to global sections of £2 and £3 on X. From these sections and £, we
can construct a triple cover of X, which is obviously the extension of ;.

The uniqueness has been proved in Lemma 7.1. (]

Theorem 7.6. Assume that £ is a rank two reflexive sheaf such that S?E£ ®
(det £)72 is generated by global sections. Then & is the trace-free sheaf of some
triple cover w:Y — X with reduced and irreducible Y .

Proof. Let A be the singularity locus of £ and X. Then A has codimension at
least 2 because X is factorial. Let U = X \ A. Then U is nonsingular and &' = &y
is locally free.

In order to construct the desired triple cover of X, we consider the projective
line bundle

p: P=P¢&) —U.
We have an invertible sheaf O(1) on P.

By assumption, M = O(3) @ p*(det £) =2 is a base point free invertible sheaf on
P. Since P is nonsingular, by Bertini Theorem, we can find a generic nonsingular
irreducible divisor V' in the linear system |M| of M. Let ' : V — U be the
projection. We can assume that 7’ is surjective. We know that the restriction of
O(V) to a generic fiber of p is Op1(3), hence 7’ is a generically finite morphism
of degree 3. Because V and U are nonsingular, we can find a closed subset A" of
U of codimension > 2 such that 7’ is a flat finite morphism over U’ = U \ A’ (cf.
[5], p-436, Ex.6.2]). Without loss of generality, we assume that U = U’, namely we
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assume that 7’ : V' — U is a flat triple cover. By Lemma 7.5, 7’ can be extended
uniquely to a triple cover 7 : Y — X.

Since Op(—V) = O(—3) @ p* det £2, by standard formulas (cf. [5], p.253, Ex.
8.4), we have

p«(Op) =Ovy, p.O(=V)=0,

R'p,O(-V) = (E@det E 1) |y.
From the exact sequence

0— Op(-V) — Op — Oy — 0,
we obtain

0 — Op — 1.0y — (E@det EH)* |y — 0.
If £, is the trace-free sheaf of 7, then &;|y is the trace-free sheaf of /. Hence
Exu 2 (E@detEH*|y.
Because both sheaves are reflexive, we have
E2E @detE =E.

This completes the proof of the theorem. O

Corollary 7.6. Tensoring an invertible sheaf, any rank 2 reflexive sheaf on a
projective factorial variety is isomorphic to the trace-free sheaf of a triple cover.

Proof. Let £ be a rank two reflexive sheaf on X. Because X is projective, we
can choose a very ample invertible sheaf £ on X and a sufficiently large n such that
&' = € ® L™ satisfies the condition of the previous theorem. Then we know that
&’ is the trace-free sheaf of some triple cover. O

Note that when £ is locally free, Miranda’s triple cover data is a global section of
S3E ® (det £)~2. Using the above technique, one can generalize Miranda’s Theorem
1.1 in [8] to the general (non-flat) case: a triple cover of X is determined by a
rank 2 reflexive sheaf £ and a morphism ® : S3¢ — A2&, and conversely. In
fact, the data can also be stated as a rank two reflexive sheaf £ on X such that
Op(3)®p*(det £)~2 has a non-zero section whose divisor is reduced and irreducible,
where p : P = P(£) — X is the projection. Because & is reflexive, the singular
locus of P has codimension at least 3. Thus we can talk about the divisor of a
section.
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Added in Proof. The following global condition should be added in the criterion of Theorem
2.1: “—c1(m«(Oy)) is linearly equivalent to the reduced branch divisor of 7r.” In fact, this condition
is equivalent to that “Bg and Cj are linearly equivalent” or “ n = —c1(Ex) — A1 — Az is linearly
equivalent to zero” (see Theorem 1.3). The proof is unchanged and we only need to note that the
element z constructed in the proof is global. Thus Theorem 2.1 is also true for unramified triple
covers. Note that 2By is always linearly equivalent to 2Cp. If Pic(X) contains no 2-torsion, then
the above condition holds true automatically. The detail will appear in a joint paper with D.-Q.
Zhang



