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EXTREMAL EIGENVALUES OF REAL SYMMETRIC MATRICES
WITH ENTRIES IN AN INTERVAL∗

XINGZHI ZHAN†

Abstract. We determine the exact range of the smallest and largest eigenvalues of real symmet-
ric matrices of a given order whose entries are in a given interval. The maximizing and minimizing
matrices are specified. We also consider the maximal spread of such matrices.
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1. Introduction. Let Sn[a, b] denote the set of n × n real symmetric matrices
whose entries are in the interval [a, b]. For an n × n real symmetric matrix A, we
always denote the eigenvalues of A in decreasing order by λ1(A) ≥ · · · ≥ λn(A). We
will study the smallest eigenvalue λn(A) and the largest eigenvalue λ1(A) when A
varies in Sn[a, b]. Constantine [2] proved that if A ∈ Sn[0, b], then

λn(A) ≥
{

−nb/2 if n is even,

−
√
n2 − 1b/2 if n is odd.

So the matrices treated there are nonnegative. The proof techniques of [2] are graph-
theoretic. In [7] Roth gave another proof of this result by analysis of eigenvectors.

In this paper we will determine the smallest and largest values of both λn(A) and
λ1(A) when A ∈ Sn[a, b] for generic a < b, thus generalizing Constantine’s result.

The spread of an n×n real symmetric matrix A is defined as s(A) = λ1(A)−λn(A).
This quantity has applications in combinatorial optimization problems [3]. Some lower
bounds on the spread of Hermitian matrices are known; see [5] and the references
therein. We will determine the maximal value of s(A) for A ∈ Sn[−a, a].

We always regard real vectors in R
n as n × 1 matrices. A basic fact (see [1] or

[4]) for an n× n real symmetric matrix A is

λn(A) = min{xTAx : ‖x‖ = 1, x ∈ R
n}, λ1(A) = max{xTAx : ‖x‖ = 1, x ∈ R

n}.

2. Extremal eigenvalues. We first consider the lower bound for the smallest
eigenvalue. Denote by Jr,s the r × s matrix with all entries equal to 1, and write Jr
for Jr,r.

Theorem 1. Let A ∈ Sn[a, b] with n ≥ 2 and a < b.
(i) If |a| < b, then

λn(A) ≥
{

n(a− b)/2 if n is even,(
na−

√
a2 + (n2 − 1)b2

)
/2 if n is odd.
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If n is even, equality holds if and only if A is permutation similar to[
a b
b a

]
⊗ Jn

2
.

If n is odd, equality holds if and only if A is permutation similar to[
aJn−1

2
bJn−1

2 ,n+1
2

bJn+1
2 ,n−1

2
aJn+1

2

]
.

(ii) If |a| ≥ b, then λn(A) ≥ na. If |a| > b, equality holds if and only if A = aJn.
If |a| = b, equality holds if and only if A is permutation similar to[

aJk bJk,n−k

bJn−k,k aJn−k

]

for some k with 1 ≤ k ≤ n.
Proof. For any fixed A ∈ Sn[a, b], let x = (x1, . . . , xn)T be a unit (i.e., ‖x‖ = 1)

eigenvector corresponding to λn(A). By simultaneous permutations of the rows and
columns of A if necessary, we may suppose that xi ≥ 0 for i = 1, . . . , k and xj < 0 for
j = k + 1, . . . , n, 1 ≤ k ≤ n. We need not consider the case k = 0, as in that case we
use −x instead of x. Let e ∈ R

n be the vector with all entries equal to 1. Denote by
A ◦B the Hadamard product of A and B, i.e., the entrywise product. Then we may
write xTAx in a more visible form:

λn(A) = xTAx = eT [A ◦ (xxT )]e.(1)

Note that the matrix xxT is divided into four blocks: The entries in (xxT )[1, . . . , k] and
in (xxT )[k+1, . . . , n] are nonnegative, while the entries in (xxT )[1, . . . , k|k+1, . . . , n]
and in (xxT )[k + 1, . . . , n|1, . . . , k] are nonpositive. Thus from (1) we see clearly that
if we define

Ã = J(k; a, b) ≡
[

aJk bJk,n−k

bJn−k,k aJn−k

]
,(2)

then

λn(Ã) = min{yT Ãy : ‖y‖ = 1, y ∈ R
n} ≤ xT Ãx ≤ xTAx = λn(A).

Therefore the smallest value of λn(A) for A ∈ Sn[a, b] can be attained at some matrix
of the form in (2). Since the rank of J(k; a, b) is at most 2, it has at most two nonzero
eigenvalues. By considering the trace and the Frobenius norm we deduce that

λn(J(k; a, b)) =
(
na−

√
(n− 2k)2a2 + 4k(n− k)b2

)
/2.(3)

(i) Since |a| < b, if n is even, the right side of (3) attains its minimum at k = n/2
and

λn(A) ≥ λn(J(n/2; a, b)) = n(a− b)/2

for any A ∈ Sn[a, b]. If n is odd, the right side of (3) attains its minimum at k =
(n− 1)/2 and k = (n + 1)/2. Hence

λn(A) ≥ λn(J((n− 1)/2; a, b)) =
(
na−

√
a2 + (n2 − 1)b2

)
/2.
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Now we prove the equality conditions. First suppose n is even. Let A = (aij) ∈
Sn[a, b] such that λn(A) = n(a − b)/2 and let x = (x1, . . . , xn)T be a corresponding
unit eigenvector. Suppose x has exactly t nonzero components with t < n. By the
above bounds, if t is even, then

λn(A) = xTAx ≥ t(a− b)/2 > n(a− b)/2,

and if t is odd, then

λn(A) = xTAx ≥
(
ta−

√
(a2 − b2) + t2b2

)
/2 > t(a− b)/2 > n(a− b)/2,

both contradicting the assumption that λn(A) = n(a − b)/2. Therefore all the com-
ponents of x are nonzero. Suppose x has k positive components and n − k negative
components. From (3) we know that if k 
= n/2,

λn(A) ≥ λn(J(k; a, b)) > λn(J(n/2; a, b)) = n(a− b)/2,

a contradiction. Thus we must have k = n/2. By simultaneous row and column
permutations of A if necessary, we may suppose that xi > 0 for i = 1, . . . , n/2 and
xj < 0 for j = (n/2) + 1, . . . , n. Then

λn(A) = xTAx ≥ xTJ(n/2; a, b)x ≥ λn(A)

forces A = J(n/2; a, b), since otherwise the first inequality above will be strict, which
is impossible. Therefore the original A is permutation similar to J(n/2; a, b).

The equality condition for the case when n is odd can be similarly proved. Just
note that

t(a− b) > na−
√
a2 + (n2 − 1)b2

for 1 ≤ t ≤ n − 1, the lower bound (na −
√
a2 + (n2 − 1)b2)/2 is strictly decreasing

in n, and [
aJn+1

2
bJn+1

2 ,n−1
2

bJn−1
2 ,n+1

2
aJn−1

2

]
and

[
aJn−1

2
bJn−1

2 ,n+1
2

bJn+1
2 ,n−1

2
aJn+1

2

]

are permutation similar.
(ii) |a| ≥ b and a < b imply a < 0. If |a| > b, the minimum of the right side of (3)

is attained at k = n, and if |a| = b, the right side of (3) has equal values for all k with
1 ≤ k ≤ n. In any case the minimum is na. This proves λn(A) ≥ na. The proof of
the equality conditions is similar to that of case (i) and we omit the details.

Since A ∈ Sn[a, b] implies A − aJn ∈ Sn[0, b − a], it is natural to ask whether
Theorem 1 can be deduced from Constantine’s result by using the perturbation in-
equality: λn(G + H) ≥ λn(G) + λn(H) for n × n real symmetric matrices G, H [1].
In general the answer is no. Let us examine the case 0 < a < b. If n is odd, the
perturbation inequality and Constantine’s result give

λn(A) = λn[(A− aJn) + aJn]

≥ λn(A− aJn) + λn(aJn)

= λn(A− aJn)

≥
√
n2 − 1(a− b)/2.
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It is easy to verify that this lower bound
√
n2 − 1(a − b)/2 is strictly less than the

sharp bound (na −
√
a2 + (n2 − 1)b2)/2 in Theorem 1. On the other hand, if n is

even, the lower bound n(a− b)/2 can indeed be deduced from Constantine’s result.
For a real n × n symmetric matrix A, λ1(A) = −λn(−A). Also a ≤ aij ≤ b is

equivalent to −b ≤ −aij ≤ −a. Thus the following corollary on upper bounds for the
largest eigenvalue follows from Theorem 1.

Corollary 2. Let A ∈ Sn[a, b] with n ≥ 2 and a < b.
(i) If a < −|b|, then

λ1(A) ≤
{

n(b− a)/2 if n is even,(
nb +

√
b2 + (n2 − 1)a2

)
/2 if n is odd.

If n is even, equality holds if and only if A is permutation similar to[
b a
a b

]
⊗ Jn

2
.

If n is odd, equality holds if and only if A is permutation similar to[
bJn−1

2
aJn−1

2 ,n+1
2

aJn+1
2 ,n−1

2
bJn+1

2

]
.

(ii) If a ≥ −|b|, then λ1(A) ≤ nb. If a > −|b|, equality holds if and only if
A = bJn. If a = −|b|, equality holds if and only if A is permutation similar to[

bJk aJk,n−k

aJn−k,k bJn−k

]

for some k with 1 ≤ k ≤ n.
Now we turn to the study of upper bounds on the smallest eigenvalue and lower

bounds on the largest eigenvalue. For real matrices A,B, we write A ≤ B to mean
that B −A is entrywise nonnegative. We need the following two lemmas.

Lemma 3 (see [1] or [4]). Let H be a real symmetric matrix of order n and G be
a principal submatrix of order k of H. Then

λj(H) ≥ λj(G) ≥ λj+n−k(H)

for j = 1, . . . , k.
Lemma 4 (see [6, p. 38]). Let A,B be nonnegative matrices of the same order

satisfying A ≤ B. Then ρ(A) ≤ ρ(B), where ρ(·) is the Perron root (spectral radius).
If, in addition, A 
= B and B is irreducible, then ρ(A) < ρ(B).

Since λn(A) = −λ1(−A) and λ1(A) = −λn(−A) for n×n real symmetric matrices
A, for our problem there are essentially two different cases: 0 < a < b and a ≤ 0 < b.
Denote by J and I the n×n all-one matrix and the n×n identity matrix, respectively.

Theorem 5. Let A ∈ Sn[a, b] with n ≥ 2 and a < b.
(i) Let 0 < a < b. Then

λn(A) ≤ b− a.(4)

Equality in (4) holds if and only if A = aJ + (b− a)I.

λ1(A) ≥ na.(5)

Equality in (5) holds if and only if A = aJ .
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(ii) Let a ≤ 0 < b. Then

λn(A) ≤ b.(6)

Equality in (6) holds if and only if A = bI.

λ1(A) ≥ a.(7)

Equality in (7) holds if and only if A = aI.

Proof. (i) Let A = (aij). For i < j, by Lemma 3 we have

λn(A) ≤ λ2

([
aii aij
aji ajj

])
=

aii + ajj −
√

(aii − ajj)2 + 4a2
ij

2

≤ aii + ajj − 2aij
2

≤ b− a.(8)

Thus λn(A) ≤ b − a. If λn(A) = b − a, all the inequalities in (8) must be equality.
This forces aii = ajj = b and aij = aji = a. As this should be true for all i < j,
A = aJ + (b− a)I.

A ∈ Sn[a, b] implies A ≥ aJ ≥ 0. By Lemma 4 and the Perron–Frobenius
theory [6],

λ1(A) = ρ(A) ≥ ρ(aJ) = λ1(aJ) = na.

If A ∈ Sn[a, b] and A 
= aJ , then since A is irreducible (A is in fact entrywise positive),
again by Lemma 4, λ1(A) > λ1(aJ) = na. Thus λ1(A) = na if and only if A = aJ .

(ii)

λn(A) ≤ trA

n
≤ nb

n
= b.

If λn(A) = b, then trA = nb and consequently aii = b, i = 1, . . . , n. For any i < j, by
Lemma 3 we have

b = λn(A) ≤ λ2

([
b aij
aji b

])
= b− |aij |.

Thus aij = 0 for all i < j, i.e., A = bI.

λ1(A) ≥ trA

n
≥ na

n
= a.

If λ1(A) = a, then trA = na and hence aii = a, i = 1, . . . , n. For any i < j, by
Lemma 3 we have

a = λ1(A) ≥ λ1

([
a aij
aji a

])
= a + |aij |.

So aij = 0 for all i < j, i.e., A = aI. This completes the proof.
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3. The maximal spread. Denote by s(A) the spread of A. We treat only the
case when the interval is symmetric about the origin. Of course we may use the upper
bound on λ1 in Corollary 2 and the lower bound on λn in Theorem 1 to give an upper
bound on the spread λ1 −λn, but that bound is not sharp. This is because the upper
bound on λ1 and the lower bound on λn cannot be simultaneously attained at one
common matrix.

A {±1}-matrix is a matrix whose entries are either 1 or −1. Two matrices A,B of
the same order are said to be D-similar if there is a diagonal matrix D with diagonal
entries equal to 1 or −1 such that DAD = B. We will need the following lemma.

Lemma 6. Let A be an n × n symmetric {±1}-matrix with all diagonal entries
equal to 1. Then either A is D-similar to Jn or A has a principal submatrix of order 3
which is similar to

B1 =

⎡
⎣ 1 −1 1

−1 1 1
1 1 1

⎤
⎦ .

Proof. The cases n = 1, 2 are obvious. Use induction on n for n ≥ 3. First let
n = 3. If A = J3, there is nothing to prove. Otherwise A has an off-diagonal entry
equal to −1. Then there are the following possibilities of A:

B1,

⎡
⎣ 1 1 −1

1 1 1
−1 1 1

⎤
⎦ ,

⎡
⎣ 1 1 1

1 1 −1
1 −1 1

⎤
⎦ ,

⎡
⎣ 1 −1 −1

−1 1 1
−1 1 1

⎤
⎦ ,

⎡
⎣ 1 1 −1

1 1 −1
−1 −1 1

⎤
⎦ ,

⎡
⎣ 1 −1 1

−1 1 −1
1 −1 1

⎤
⎦ ,

⎡
⎣ 1 −1 −1

−1 1 −1
−1 −1 1

⎤
⎦ .

It is easy to check that each of these matrices satisfies the conclusion. Now consider
n ≥ 4 and suppose the lemma holds for matrices of order n− 1. Let

A =

[
1 uT

u A1

]
.

If A1 has a principal submatrix of order 3 which is similar to B1, then so does A.
Otherwise, by the assumption, A1 is D-similar to Jn−1. So A is D-similar to

H =

[
1 vT

v Jn−1

]
= (hij).

If each entry of v is 1 or each entry of v is −1, then H and hence A are D-similar to
Jn. Otherwise we have h1,p = −1, h1,q = 1 or h1,p = 1, h1,q = −1 for some 1 < p < q.
In the first case H[1, p, q] = B1. In the second case H[1, p, q] is D-similar to B1.
Therefore in both cases A has a principal submatrix which is similar to B1.

Two matrices A,B of the same order are said to be sign-permutation similar if
there exist a permutation matrix P and a diagonal matrix D with diagonal entries
equal to 1 or −1 such that DPTAPD = B. It is clear that sign-permutation similarity
is an equivalence relation.

Theorem 7. Let A ∈ Sn[−a, a] with n ≥ 2 and a > 0. Then

s(A) ≤
{ √

2na if n is even,√
2n2 − 1a if n is odd.
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If n is even, equality holds if and only if A is sign-permutation similar to

a

[
1 1
1 −1

]
⊗ Jn

2
.

If n is odd, equality holds if and only if A is sign-permutation similar to

±a

[
Jn+1

2
Jn+1

2 ,n−1
2

Jn−1
2 ,n+1

2
−Jn−1

2

]
.

Proof. By considering a−1A instead of A, it suffices to prove the theorem for the
case a = 1. Suppose A ∈ Sn[−1, 1]. Throughout this proof we write λj for λj(A).
For x ∈ R

n, we always write its components as x1, . . . , xn. Given A ∈ Sn[−1, 1], let
x, y ∈ R

n be unit eigenvectors such that λ1 = xTAx, λn = yTAy. Then

s(A) = xTAx− yTAy = eT [A ◦ (xxT − yyT )]e.(9)

Note that the (i, j) entry of xxT−yyT is xixj−yiyj . We define a new matrix Ã = (ãij)
as ãij = 1 if xixj − yiyj ≥ 0 and ãij = −1 if xixj − yiyj < 0. Then from (9) we have

s(A) ≤ xT Ãx− yT Ãy

≤ max{wT Ãw : ‖w‖ = 1, w ∈ R
n} − min{zT Ãz : ‖z‖ = 1, z ∈ R

n}
= s(Ã).

Therefore the maximal spread can always be attained at some {±1}-matrix. If n = 2,
the conclusions of the theorem are easily checked to be true. Next we assume n ≥ 3.
Now suppose A is a {±1}-matrix of order n.

The following three matrices will play a role in our proof:

B1 =

⎡
⎣ 1 −1 1

−1 1 1
1 1 1

⎤
⎦ , B2 =

⎡
⎣ 1 1 1

1 1 −1
1 −1 −1

⎤
⎦ , B3 =

⎡
⎣ 1 1 1

1 −1 1
1 1 −1

⎤
⎦ .

Their eigenvalues are

λ(B1) = {2, 2,−1}, λ(B2) = {2, 1,−2}, λ(B3) = {2,−1,−2}.

If A has a principal submatrix of order 3 which is similar to B1, then by Lemma 3
λ2 ≥ 2. If A has a principal submatrix of order 3 which is similar to B2, then by
Lemma 3 λ2 ≥ 1. If A has a principal submatrix of order 3 which is similar to B3,
then by Lemma 3 λn−1 ≤ −1. In all three cases we have

λ2
1 + λ2

n = ‖A‖2
F −

n−1∑
j=2

λ2
j ≤ n2 − 1.

Hence

s(A) = λ1 − λn ≤
√

2(λ2
1 + λ2

n) ≤
√

2(n2 − 1) < min
{√

2n,
√

2n2 − 1
}
.(10)

Thus if one of the above cases occurs, the spread is less than our claimed upper bound.
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If all the diagonal entries of A are 1, then by Lemma 6 either A is D-similar to Jn
or A has a principal submatrix of order 3 which is similar to B1. Since s(Jn) = n,
in both cases s(A) is not the maximal value. If all the diagonal entries of A are −1,
then since s(−A) = s(A), this case is the same as what we just discussed.

Next consider those {±1}-matrices A whose diagonal contains both 1 and −1. By
simultaneous row and column permutations if necessary, we may suppose

A =

[
Ar Ar,s

AT
r,s As

]
,

where Ar is of order r (1 ≤ r ≤ n− 1) and Ar’s diagonal entries are all 1, and As is
of order s = n− r and As’s diagonal entries are all −1. Since s(−A) = s(A), we need
consider only the case r ≥ s. Then r ≥ 2. By Lemma 6, either Ar is D-similar to Jr
or Ar has a principal submatrix of order 3 which is similar to B1. In the first case
A is D-similar to a matrix whose rth leading principal submatrix is Jr, while in the
second case s(A) is not the maximal value. Thus we may suppose Ar = Jr. Now
two cases can occur. (i) Ar,s has a column which contains both 1 and −1. Then A
has a principal submatrix which is similar to B2, and s(A) is not the maximal value.
(ii) Each column of Ar,s contains only 1 or only −1. Then A is D-similar to

G =

[
Jr Jr,s
Js,r Ãs

]
,

where all the diagonal entries of Ãs remain −1. If Ãs has an off-diagonal entry equal
to 1, then G has B3 as a principal submatrix and s(G) is not the maximal value.
Thus we further consider the case Ãs = −Js.

Now there remains the case

A =

[
Jr Jr,s
Js,r −Js

]
,(11)

where r ≥ s. It is easy to see that

s

([
Jr Jr,s
Js,r −Js

])
=

√
2n2 − (2r − n)2.(12)

Therefore by (12) the maximal spread of the matrices in (11) is
√

2n attained uniquely
at r = n/2 if n is even, and the maximal spread is

√
2n2 − 1 attained uniquely at

r = (n+ 1)/2 if n is odd. For the odd case note that we have assumed r ≥ s = n− r,
and hence r = (n − 1)/2 does not occur. At this stage we have found the maximal
spread of A ∈ Sn[−1, 1].

Next we determine those matrices which attain the maximal spread. Suppose A ∈
Sn[−1, 1] attains the maximal spread and x, y are the unit eigenvectors corresponding
to λ1 and λn, respectively. Assume that xxT−yyT has a zero entry, say, xixj−yiyj = 0
for some i, j. From (9) it is clear that we can change the corresponding entry aij of
A arbitrarily without affecting the value of s(A). So we may suppose aij = 0. Then

n2 − 1 ≥ ‖A‖2
F ≥ λ2

1 + λ2
n ≥ (λ1 − λn)2

2
=

{
n2 if n is even,
n2 − 1

2 if n is odd,

which is a contradiction. Thus every entry of xxT − yyT is nonzero. By (9) we
deduce that A must be a {±1}-matrix. On the other hand, the above analysis leading
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to the maximal spread shows that when n is even, s(A) =
√

2n if and only if A is
sign-permutation similar to [

1 1
1 −1

]
⊗ Jn

2
,

and when n is odd, s(A) =
√

2n2 − 1 if and only if A is sign-permutation similar to

±
[

Jn+1
2

Jn+1
2 ,n−1

2

Jn−1
2 ,n+1

2
−Jn−1

2

]
.

The permutation similarity comes from our operation to put positive diagonal entries
together and let them appear first. The possible minus sign comes from the fact that
s(−A) = s(A), which we used to simplify our analysis. Note also that in the case
when n is even, [

1 1
1 −1

]
⊗ Jn

2
and −

[
1 1
1 −1

]
⊗ Jn

2

are sign-permutation similar, and the minus sign need not appear in our assertion for
the equality case. This completes the proof.

Let et ∈ R
t denote the all-one vector. By Theorem 7 and (9) we get the following

interesting corollary.
Corollary 8.

max

⎧⎨
⎩

n∑
i,j=1

|xixj − yiyj | : ‖x‖ = ‖y‖ = 1, x, y ∈ R
n

⎫⎬
⎭ =

{ √
2n if n is even,√
2n2 − 1 if n is odd.

The maximum is attained at x, y if and only if x = DPx0, y = DPy0 for some
diagonal matrix D with diagonal entries equal to 1 or −1 and some permutation
matrix P where

x0 =

(
aen/2
ben/2

)
, y0 =

(
−ben/2
aen/2

)
, a = (1 +

√
2)b, b =

1√
(2 +

√
2)n

if n is even and

x0 =

(
ae(n+1)/2

be(n−1)/2

)
, a =

√
1

n + 1

(
1 +

n√
2n2 − 1

)
, b =

√
1

n− 1

(
1 − n√

2n2 − 1

)

y0 =

(
ce(n+1)/2

de(n−1)/2

)
, c =

√
1

n + 1

(
1 − n√

2n2 − 1

)
, d = −

√
1

n− 1

(
1 +

n√
2n2 − 1

)

if n is odd.
We remark that the above x0 and y0 are the unit eigenvectors corresponding to

the largest and smallest eigenvalues of the maximizing matrix in Theorem 7.
We have the following two obvious problems which are not solved here.
Problem 1. For a given integer j with 2 ≤ j ≤ n− 1, determine

max{λj(A) : A ∈ Sn[a, b]},

min{λj(A) : A ∈ Sn[a, b]}
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and determine which matrices attain the maximum and which matrices attain the
minimum.

Problem 2. For generic a < b, determine

max{s(A) : A ∈ Sn[a, b]},

where s(A) denotes the spread of A, and determine which matrices attain the maxi-
mum.

REFERENCES

[1] R. Bhatia, Matrix Analysis, Springer-Verlag, New York, 1997.
[2] G. Constantine, Lower bounds on the spectra of symmetric matrices with nonnegative entries,

Linear Algebra Appl., 65 (1985), pp. 171–178.
[3] G. Finke, R. E. Burkard, and F. Rendl, Quadratic assignment problems, in Surveys of Com-

binatorial Optimization, North–Holland, Amsterdam, 1987, pp. 61–82.
[4] R. A. Horn and C. R. Johnson, Matrix Analysis, Cambridge University Press, Cambridge,

UK, 1985.
[5] E. Jiang and X. Zhan, Lower bounds for the spread of a Hermitian matrix, Linear Algebra

Appl., 256 (1997), pp. 153–163.
[6] H. Minc, Nonnegative Matrices, John Wiley & Sons, New York, 1988.
[7] R. Roth, On the eigenvectors belonging to the minimum eigenvalue of an essentially nonnegative

symmetric matrix with bipartite graph, Linear Algebra Appl., 118 (1989), pp. 1–10.


